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Content: 

• The influence of pore pressure on the effective stresses. Possible effects 

• Coupled hydro-geomechnical  model  

• 1D poroelastic horizontal strain model and its comparison with coupled hydro-

geomechnical model 

• Semi-analytical model and its comparison with coupled hydro-geomechnical model 

• Coupled hydro-geomechnical model for real case 
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Schematic Illustration 
of closed fracture 

Goals: 

Well 

Fractures 
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 p𝒇 

𝝈 с 

𝝈 с 

𝝈 с 

𝝈 с 

𝛔 𝐧=  p𝐟 

 p𝒇 

𝛕=0 

𝛔 𝐧= 𝛔 𝐟+p𝐟 

𝛕 ≤ η 𝛔 с +𝐒𝟎 

Regional stress 

direction 

Convertion from 

production to water-

injection: 

How to prevent fracture 

growth? 

Goal: to prevent the growth of fractures in the injection well  

• Solving the problem of pressure distribution 

• Solving the problem of poroelasticity 

• Searching for fracture propagation criteria 

Producing well 

Production well 

Schematic Illustration 
of open fracture 
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The influence of pore pressure on the effective stresses: Stress path 

• Changes in effective vertical and horizontal stresses with a change in pore pressure are not proportional. 

 «Stress path» for total stress: 

γv =
∆𝝈𝒗

∆𝑷
=0 - vertical 

γh =
∆𝝈𝒗

∆𝑷
= 𝛂

𝟏−𝟐𝝑

𝟏−𝝑
 - horizontal 

 

 «Stress path» for effective stress: 
∆𝛔′𝒗
∆𝑷

= 𝛂 

 
∆𝛔′𝒉

∆𝑷
= 𝛂(𝟏 − 𝜸𝒉) 

Shear stress 

Normal effective 

stress 

𝛔′𝟏 =  𝛔′𝐯 𝝈′𝟑 =  𝝈′𝐡 

∆𝛔′𝐯= 𝛂∆𝐏1 ∆𝛔′𝐡 = 𝛂(𝟏 − 𝛄𝐡)∆𝐏1 

Depletion (pore pressure 

decrease) 

Injection (pore pressure 

increase) 
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The influence of pore pressure on the effective stresses : failure criteria 
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Mathematical model 

Hydrodynamical model: Geomechanical model: 

Boundary conditions: 

𝑘
𝑘𝑟𝑖

𝜇𝑖
𝛻𝑝𝑖 − 𝜌𝑖𝑔𝛻𝑧 𝑛|г = 0   

𝑝𝑖|г = 𝑝𝑖
0(Г, 𝑡)   

 

Initial conditions:   

𝑝 𝑥, 0 = 𝑝0 𝑥 , 𝑥 ∈ 𝛺\{ 𝛤𝑓𝑖𝑖 }.  

Boundary conditions: 

𝑢 = 0, 𝑥 ∈ 𝛤𝑏𝑜𝑡 

 

 

Initial conditions: 

𝜎𝑛 = 0, 𝑥 ∈ 𝛤𝑡𝑜𝑝  

 𝜎 = 𝜎0, 𝑥 ∈ 𝛤𝑠𝑖𝑑𝑒.Il:   

Assumptions in model: 

 Reservoir is isothermal. 

 The presence of proppant in the fracture is not taken into account. 

 Interaction between neighboring fractures is not taken into account. 

𝝈𝒊𝒋 = 𝝀𝜺𝒗𝒐𝒍𝜹𝒊𝒋 + 𝟐𝑮𝜺𝒊𝒋 − 𝑪𝜻𝜹𝒊𝒋 

𝝈𝒊𝒋
′ = 𝝈𝒊𝒋 − 𝜹𝒊𝒋𝜶𝝈𝒇, 

General equations: 
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First case (ideal case) – symmetry and no anisotropy 

CONDITIONS: 

• Linear periodic system. 

• Region under consideration is a rectangular element with 2 injection and 2 production wells with hydraulic fracturing.  
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Algorithm of coupled hydro-geomechnical model construction 

Fluid flow model: 
• simulated pore pressure at different time steps 

• geological model upscaling 

• solve fluid equation  

Geological  

model 

Eclipse 

1 Petrel 

Geomechanical 

simulation 
• Finite element module 

• Stress-strain conditions 

• Solve elastic equation 

Fracture criteria: 

 BHP< σ (Shmin) 

Visage 

Result (bottomhole 

pressure) 
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Geomechanical model 

Schematic illustration of geomechanical model 

Calculation parameters: 

Parameters/ 

intervals 
Poisson’s 

ratio 

Young 

modulus, 

GPa 

Bulk 

density, 

g/cm3 

Biot 

coeff. 

Overburden 0.3 15 2,1-2,4 0.8 

Reservoir 0.27 19 2,4 0.8 

Sideburden 0.3 15 2,5-5 0.8 

Stiff plates 0.2 60 5 0.8 
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Results of hydrogeomechanical modeling: pore pressure 

Initial time step Middle time step Last time step 

Max 

Min 

fracture 
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Results of hydrogeomechanical modeling: 𝜎𝑥𝑥 

fracture 

Max 

Min 

Middle time step Last time step 
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Results of hydrogeomechanical modeling: 𝜎𝑦𝑦 

fracture 

Max 

Min 

Middle time step Last time step 
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Results of hydrogeomechanical modeling: 𝜎3 

fracture 

Max 

Min 

Middle time step Last time step 
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Results of hydrogeomechanical modeling: 𝜎3eff 

fracture 

Max 

Min 

Middle time step Last time step 
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Results of hydrogeomechanical modeling: 𝜎𝑥𝑥eff 

fracture 

Max 

Min 

Middle time step Last time step 
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Results of hydrogeomechanical modeling: 𝜎𝑦𝑦eff 

fracture 

Max 

Min 

Middle time step Last time step 
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Results of hydrogeomechanical modeling: strains 𝜀𝑥𝑥 

Max 

Min 

Middle time step Last time step 

fracture 
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Results of hydrogeomechanical modeling: strains 𝜀𝑦𝑦 

Max 

Min 

Middle time step Last time step 

fracture 
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Results of hydrogeomechanical modeling: displacements ux 

Max 

Min 

Middle time step Last time step 

fracture 
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Results of hydrogeomechanical modeling: displacements uy 

Min 

Middle time step Last time step 

fracture 

Max 
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Fracture closure pressure: 1D poroelastic horizontal strain model   

𝑃𝑓 = 𝜎𝑚𝑖𝑛 =
𝜗

1−𝜗
σv − αPp + αPp +

vE

1−v2 εx +
E

1−v2 εy, 
    

where 𝑃𝑐 – fracture closure pressure; 

𝜗 – Poisson’s ratio; 

𝜎𝑣 – overburden pressure; 

𝛼 – Biot’s poroelastic constant; 

Pp – pore pressure; 

𝐸-Young’s modulus; 

𝜀𝑥 , 𝜀𝑦 – tectonic horizontal strains. 

However, the use of this analytical equation does not allow to take into account the dynamics of 

pore pressure and stress state. 

Assumptions: 

• Uniaxial deformation; 

• Does not consider pore pressure distribution; 

• Layers are parallel. 
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300

350

400

450

500

550

600

200 300 400 500 600

1D

BHP

Parameters: 

𝜈 = 0,27 
𝛼 = 0,8 

                  E=19 GPa   

Results: 

𝛿𝜎𝑚𝑖𝑛 = 𝛼
1 − 2ν

1 − ν
𝛿𝑝𝑑𝑒𝑙𝑡𝑎 

𝛿𝜎𝑚𝑖𝑛 = 𝐴 ∙ 𝛿𝑝𝑑𝑒𝑙𝑡𝑎 

𝐴 = 0.5 

Critical pressure - fracture propagation criteria: BHP>Shmin 
𝜎ℎ =

𝜈

1−𝜈
𝜎𝑉 − α𝑝𝑓 + α𝑝𝑓+ 

vE

1−v2 εx +
E

1−v2 εy, 

1D poroelastic horizontal strain model : 

Pore pressure 

 𝜎3 

530 

Fracture closure pressure: 1D poroelastic horizontal strain model   
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Fracture closure pressure: comparison of  1D poroelastic horizontal strain 

model and hydrogeomechanical simulation 

Parameters: 

𝑎 = 500 m 
𝑏 = 250 m 
xf = 100 m 

1D poroelastic horizontal strain 

model : 

𝛿𝜎𝑚𝑖𝑛 = 𝛼
1 − 2ν

1 − ν
𝛿𝑝𝑑𝑒𝑙𝑡𝑎 

𝐴 = 0.5 

Hydrogeomechnical coupling: 

𝛿𝜎𝑚𝑖𝑛 = 𝐴 ∙ 𝛿𝑝𝑑𝑒𝑙𝑡𝑎, 

𝐴 = 0.45 

The difference between critical pressure is 30 atm ! 

300

350

400

450

500

550

600

200 300 400 500 600

1D

coupled

BHP

Pore pressure 

 𝜎3 

530 

∆𝑝𝑐𝑟𝑖𝑡 
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Development of a semi-analytical model 

Conditions: 

• Linear periodic system. 

• Region under consideration is a rectangular element with 

2 injection and 2 production wells with hydraulic 

fracturing.  

• Constant pressure 𝐩_𝟎 at the boundary of the element. 

• Bottomhole pressure  at the boundary if fracture. 

𝜕𝑝

𝜕𝑡
+ 𝜘∆𝑝 = 0 

I. Hydrodynamical model: 

II. Poroelastic model: 

𝜕𝑗𝜎𝑖𝑗 = 0  

𝜎𝑖𝑗 = 𝜎𝑖𝑗
0 + 𝜆𝜃 + 𝛼𝑝𝑑𝑒𝑙𝑡𝑎 𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗  

III. Fracture propagation criteria 

Algorithm: 

а) 

б) 

1 –Poroelastic model boundary; 2 – hydrodynamical model boundary 

hydrodynamical model boundary.    

a 

b 𝐩заб 
𝐩𝟎 𝐩𝟎 

𝐩𝟎 

𝐩𝟎 

𝐱𝐟 
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Hydrodynamical model 

 

Method: 

Numerical solution of the system: iterative 

method using finite difference schemes 

• 𝑝𝑑𝑒𝑙𝑡𝑎 = 𝑝 − 𝑝0 

• Uniform pressure in fracture 

a 

b 

𝑝𝑑𝑒𝑙𝑡𝑎 = 𝑝репр 

𝑝𝑑𝑒𝑙𝑡𝑎 = 0 𝑝𝑑𝑒𝑙𝑡𝑎 = 0 

𝑝𝑑𝑒𝑙𝑡𝑎 = 0 

𝑝𝑑𝑒𝑙𝑡𝑎 = 0 

𝒙𝒇 

𝒙 

𝒚 

𝟎 

∆𝑝𝑑𝑒𝑙𝑡𝑎 = 0 

𝑝𝑑𝑒𝑙𝑡𝑎|трещина = 𝑝репр 

𝑝𝑑𝑒𝑙𝑡𝑎|границы = 0 

𝑝𝑑𝑒𝑙𝑡𝑎 = 𝑝репр ∙ 𝑓(𝑥, 𝑦) 

∆𝑓(𝑥, 𝑦) = 0 

𝑓( 𝑥 < 𝑥𝑓 , 𝑦) = 1 

𝑓(𝑥 = ±𝑎, 𝑦) = 0 

𝑓(𝑥, 𝑦 = ±𝑏) = 0 

Mathematical model: 

𝑓𝑖,𝑗
𝑘+1 =

𝑤

2 ℎ𝑥
2 + ℎ𝑦

2  ℎ𝑦
2𝑓𝑖−1,𝑗

𝑘+1 + ℎ𝑦
2𝑓𝑖+1,𝑗

𝑘 + ℎ𝑥
2 𝑓𝑖,𝑗−1

𝑘+1

+ ℎ𝑥
2 𝑓𝑖,𝑗+1

𝑘   

+(1 − 𝑤)𝑓𝑖,𝑗
𝑘  
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Poroelastic model 

System of linear algebraic equations аor 

displacements 

𝜆𝐴 + 2𝜇 𝑘𝑥
2 + 𝜇𝑘𝑦

2 𝜆𝐴 + 𝜇 𝑘𝑥𝑘𝑦

𝜆𝐴 + 𝜇 𝑘𝑥𝑘𝑦 𝜆𝐴 + 2𝜇 𝑘𝑦
2 + 𝜇𝑘𝑥

2

𝑢

𝑣 

 
=

𝑖𝑘𝑥𝐴𝛼𝑝 

𝑖𝑘𝑦𝐴𝛼𝑝 
 

System of partial differential equations for 𝒖, 𝒗 : 

𝜆𝐴 + 2𝜇
𝜕2

𝜕𝑥2 + 𝜇
𝜕2

𝜕𝑦2 𝜆𝐴 + 𝜇
𝜕2

𝜕𝑥𝜕𝑦

𝜆𝐴 + 𝜇
𝜕2

𝜕𝑥𝜕𝑦
𝜆𝐴 + 2𝜇

𝜕2

𝜕𝑦2 + 𝜇
𝜕2

𝜕𝑥2

𝑢

𝑣

=
−𝐴𝛼

𝜕𝑝

𝜕𝑥

−𝐴𝛼
𝜕𝑝

𝜕𝑦

 

Direct 

𝑓 𝑘𝑥, 𝑘𝑦 =  𝑓(𝑥, 𝑦)𝑒−𝑖𝑘𝑥𝑥𝑒−𝑖𝑘𝑦𝑦𝑑𝑥𝑑𝑦 

Inverse 

𝑓 𝑥, 𝑦 =
1

2𝜋
 𝑓 (𝑘𝑥, 𝑘𝑦)𝑒𝑖𝑘𝑥𝑥𝑒𝑖𝑘𝑦𝑦𝑑𝑘𝑥𝑑𝑘𝑦 

Fourier transformation: 

Displacements 

𝒖, 𝒗  

Hooke's law with poroelasticity:: 

𝜎𝑖𝑗 = 𝜎𝑖𝑗
0 + 𝜆𝜃 + 𝛼𝑝𝑑𝑒𝑙𝑡𝑎 𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗 

𝜎𝑑𝑒𝑙𝑡𝑎 𝑖𝑗 = 𝜆𝜃 + 𝛼𝑝𝑑𝑒𝑙𝑡𝑎 𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗 

Equilibrium equation: 

𝜕𝑗𝜎𝑖𝑗 = 0  →      𝜕𝑗𝜎𝑑𝑒𝑙𝑡𝑎 𝑖𝑗 = 0 

𝜎𝑑𝑒𝑙𝑡𝑎 𝑧𝑧 = 𝜎𝑑𝑒𝑙𝑡𝑎 𝑥𝑧 = 𝜎𝑑𝑒𝑙𝑡𝑎 𝑦𝑧 = 0  

• Periodic boundary conditions on displacements 
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Comparison of semianalytical model and hydrogeomechanical coupling 

Hydrodynamical model 

Semianalytical model 
Hydrogeomechanical 

simulation 

Max 

Min 

Max 

Min 

fracture 

pressure 
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Comparison of semianalytical model and hydrogeomechanical coupling 

Displacements 

Semianalytical model 
Hydrogeomechanical 

simulation 

uy 

ux 

Max 

Min 

Max 

Min 

fracture 

ux 

uy 
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Comparison of semianalytical model and hydrogeomechanical coupling 

Stresses 

Модель 

fracture 

Max 

Min 

Max 

Min 

Hydrogeomechanical 

simulation 

𝜎𝑦𝑦 
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Wells 

Fractures 

Second case (real case) – no anisotropy, no symmetry  

Conditions: 

• horizontal wells with fractures in chess order 

• fractures are perpendicular to the trajectories of wells 

• no anisotropy 

• no symmetry 

Regional stress 

direction 
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Simulation results: Minimum horizontal stress (view from above) 

Min 

Max 
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Simulation results: Minimum horizontal stress (side view) 

Min 

Max 
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Conclusions 

• 1D horizontal strain model  can not be used to predict fracture closure pressure evolution due 

to the fact that it does not allow to take into account the dynamics of pore pressure 

distribution  

• Semi-analytical models can be used in the case of isotropy or weak anisotropy 

• In case of significant anisotropy it is necessary to use three-dimensional coupled 

hydrogeomechanical modeling. 
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