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Îáîáù¼ííàÿ ðàçðåøèìîñòü ñóùåñòâåííî íåëîêàëüíîé

ïî âðåìåíè ïàðàáîëè÷åñêîé îáðàòíîé çàäà÷è

ñ ãðàíè÷íûì óñëîâèåì Íåéìàíà

ÀáäóêàðèìîâÔ.À.1, ÑòàðîâîéòîâÂ.Í.2, ÒèòîâàÀ.À.2

1 ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ
2 ÈÃèË ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

abdukarimovfarhod8@gmail.com

Â äîêëàäå ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à äëÿ ñóùåñòâåííî íåëîêàëüíîãî ïî
âðåìåíè ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ãðàíè÷íûì óñëîâèåì Íåéìàíà. Ñóùå-
ñòâåííàÿ íåëîêàëüíîñòü îçíà÷àåò, ÷òî â óðàâíåíèè ïðèñóòñòâóåò èíòåãðàë îò
ðåøåíèÿ ïî âñåìó èíòåðâàëó âðåìåíè, íà êîòîðîì ðåøàåòñÿ çàäà÷à. Òàêèå óðàâ-
íåíèÿ âñòðå÷àþòñÿ ïðè îïèñàíèè õàîòè÷íîé äèíàìèêè ïîëèìåðíîé ìîëåêóëû â
æèäêîñòè [1] è ïðè ìîäåëèðîâàíèè äèíàìèêè ïîïóëÿöèé [2]. Â ïåðâîì ñëó÷àå
ðîëü âðåìåíè â óðàâíåíèè èãðàåò ïàðàìåòð äëèíû äóãè âäîëü ïîëèìåðíîé öå-
ïî÷êè, âî âòîðîì � âîçðàñò èíäèâèäóóìà.
Ñóùåñòâåííàÿ íåëîêàëüíîñòü ïî âðåìåíè âíîñèò â èññëåäóåìóþ çàäà÷ó íåñêîëü-
êî îñîáåííîñòåé. Âî-ïåðâûõ, ïðèñóòñòâèå â óðàâíåíèè èíòåãðàëà îò ðåøåíèÿ ïî
âñåìó èíòåðâàëó âðåìåíè îçíà÷àåò, ÷òî íóæíî çíàòü ¾áóäóùåå¿ äëÿ îïðåäåëå-
íèÿ êîýôôèöèåíòà â óðàâíåíèè. Ýòî íå ñîãëàñóåòñÿ ñ ïðèíöèïîì ïðè÷èííîñòè,
êîòîðûé õàðàêòåðåí äëÿ ïàðàáîëè÷åñêèõ çàäà÷. Âî-âòîðûõ, ïðè èññëåäîâàíèè
ðàçðåøèìîñòè íåëèíåéíîå ïàðàáîëè÷åñêîå óðàâíåíèå ÷àñòî ñíà÷àëà ðåøàåòñÿ
íà ìàëîì ïðîìåæóòêå âðåìåíè, à çàòåì ïîëó÷åííîå ðåøåíèå ïðîäîëæàåòñÿ íà
âåñü èíòåðâàë. Â äàííîé ñèòóàöèè òàêîé ïîäõîä íåâîçìîæíî ïðèìåíèòü.
Ïðåäëîæåííàÿ â [1] çàäà÷à î õàîòè÷íîé äèíàìèêå ïîëèìåðíîé öåïî÷êè ñâîäèò-
ñÿ ê êîýôôèöèåíòíîé îáðàòíîé çàäà÷å äëÿ îïðåäåëåíèÿ ïëîòíîñòè âåðîÿòíî-
ñòè òîãî, ÷òî çâåíî öåïè íàõîäèòñÿ â òî÷êå ïðîñòðàíñòâà. Ïðè ýòîì ñòàâèòñÿ
åñòåñòâåííîå óñëîâèå ïåðåîïðåäåëåíèÿ, çàêëþ÷àþùååñÿ â òîì, ÷òî èíòåãðàë îò
ïëîòíîñòè âåðîÿòíîñòè ïî ïðîñòðàíñòâó ðàâåí åäèíèöå. Äîêàçàíà îáîáù¼ííàÿ
ðàçðåøèìîñòü îïèñàííîé âûøå îáðàòíîé çàäà÷è. Äîêàçàòåëüñòâî ïðîâåäåíî ñ
ïîìîùüþ òåîðåìû Øàóäåðà î íåïîäâèæíîé òî÷êå, ñ ïðèìåíåíèåì ïðèíöèïà
ñæèìàþùèõ îòîáðàæåíèé.
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Îáðàòíûå çàäà÷è îïðåäåëåíèÿ èñòî÷íèêà â
ïñåâäîïàðàáîëè÷åñêîì óðàâíåíèè ñ äðîáíûìè ïî âðåìåíè

ïðîèçâîäíûìè

Àáëàáåêîâ Á.Ñ., Àáëàáåêîâà À.Á.
Êûðãûçñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Æ.Áàëàñàãûíà, Áèøêåê

ablabekov_63@mail.ru

Â îáëàñòè ΩT ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

Dα
t u−Dα

t uxx − uxx = f(t)h(x, t), (x, t) ∈ ΩT , (1)

u(x, 0) = φ(x), 0 ≤ x ≤ l, (2)

u(0, t) = 0, u(l, t) = 0, 0 ≤ t ≤ T. (3)

ãäå ΩT = {(x, t) : 0 < x < l, 0 < t ≤ T}, φ(x), f(x, t) - çàäàííûå ôóíêöèè. Çäåñü
Dα

t - äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî ïîðÿäêà α (0 < α ≤ 1).

Íàéòè ïàðó ôóíêöèé {u(x, t), q(t)} ∈ C(Ω̄T ) ∩ C(2,α)(ΩT )× C[0, T ], åñëè îòíîñè-
òåëüíî ðåøåíèÿ ïðÿìîé çàäà÷è (1) - (3) èçâåñòíà äîïîëíèòåëüíàÿ èíôîðìàöèÿ

u(x0, t) = ψ(t), 0 < x0 < π, 0 ≤ t ≤ T, (4)

ãäå ψ(t) - çàäàííàÿ ôóíêöèÿ. Îáîçíà÷èì ÷åðåç C(k,α)(ΩT ) êëàññ ôóíêöèé, k ðàç
íåïðåðûâíî äèôôåðåíöèðóåìûå ïî â îáëàñòè ΩT , äëÿ êîòîðûõ ñóùåñòâóåò
íåïðåðûâíàÿ ïðîèçâîäíàÿ Dα

t .

Òåîðåìà. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) φ(x) ∈ C4[0, l], φ(0) = φ(l) = 0, φ′′(0) = φ′′(l) = 0;

2) h(x, t) ∈ C(1,0)(Ω̄T ), |h(x0, t)| ≥ h0 > 0, h(0, t) = h(l, t) = 0, h0 = const;

3) ψ(t) ∈ C1[0, T ], ψ(0) = φ(x0).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáðàòíîé çàäà÷è (1) - (4) â îáëàñòè
ΩT ∗ .
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Âëèÿíèå èññëåäîâàíèé Ã.È. Ìàð÷óêà íà îáðàòíûå çàäà÷è
äëÿ óðàâíåíèÿ ïåðåíîñà

Àíèêîíîâ Ä.Ñ.
ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

anik@math.nsc.ru

Â ðàáîòàõ [1, 2] âïåðâûå â ìèðå áûëà ïîñòàâëåíà è ÷àñòè÷íî èçó÷åíà îáðàòíàÿ
çàäà÷à îá îïðåäåëåíèè êîýôôèöèåíòà îñëàáëåíèÿ äëÿ óðàâíåíèÿ ïåðåíîñà. Ýòè
ðàáîòû ïîñëóæèëè ñòèìóëîì äëÿ äàëüíåéøåãî ðàçâèòèÿ íàìå÷åííîãî íàïðàâ-
ëåíèÿ. Äàëåå òåîðåòè÷åñêîå èññëåäîâàíèå òåìû ïðîâîäèëîñü â ÈÌ ÑÎ ÐÀÍ àñ-
ïèðàíòîì Àíèêîíîâûì Ä.Ñ. ïî ðåêîìåíäàöèè åãî íàó÷íîãî ðóêîâîäèòåëÿ À.È.
Ïðèëåïêî. Â 1974 ãîäó áûëà îïóáëèêîâàíà ïåðâàÿ ðàáîòà [3], ñîäåðæàùàÿ ñòðî-
ãî äîêàçàííóþ òåîðåìó åäèíñòâåííîñòè îäíîé îáðàòíîé çàäà÷è. Ñåé÷àñ èìååò-
ñÿ áîëüøîå êîëè÷åñòâî ïóáëèêàöèé ýòîãî íàïðàâëåíèÿ, èç êîòîðûõ çäåñü îò-
ìå÷àþòñÿ ëèøü íåêîòîðûå, ïîñâÿùåííûå ïðîáëåìå îïðåäåëåíèÿ ïîâåðõíîñòåé
ðàçðûâîâ êîýôôèöèåíòîâ óðàâíåíèÿ. Òàê, â ðàáîòå [4] áûë îïðåäåëåí èíäè-
êàòîð íåîäíîðîäíîñòè , èñïîëüçóþùèé ïëîòíîñòü èçëó÷åíèÿ íà ãðàíèöå çîí-
äèðóåìîé ñðåäû â êà÷åñòâå èñõîäíûõ äàííûõ. Äîêàçàíî, ÷òî ýòîò èíäèêàòîð
ÿâëÿåòñÿ íåîãðàíè÷åííîé ôóíêöèåé òîëüêî âáëèçè èñêîìîé ïîâåðõíîñòè, ÷òî
ïîçâîëÿåò óêàçàòü åå ìåñòîïîëîæåíèå. Â ðàáîòå [5] èçó÷àëñÿ âîïðîñ î âèäèìûõ
è íåâèäèìûõ ñðåäàõ ïðè èõ ôîòîííîì çîíäèðîâàíèè. Äîêàçàíî â [6], ÷òî äëÿ
îïðåäåëÿåìîãî êîíòðàñòà ñîñòàâíîé ñðåäû êîýôôèöèåíò ïîãëîùåíèÿ ÿâëÿåòñÿ
áîëåå ñóùåñòâåííîé õàðàêòåðèñòèêîé ÷åì êîýôôèöèåíò ðàññåÿíèÿ. Ýòè è ìíî-
ãèå äðóãèå ðåçóëüòàòû ñîäåðæàòñÿ â ìîíîãðàôèÿõ [7-9]. Êðîìå òåîðåòè÷åñêèõ
èññëåäîâàíèé ðåøàëèñü è ïðàêòè÷åñêèå ïðîáëåìû. Òàê, â 2005 ãîäó ãðóïïîé
àâòîðîâ áûë ïîëó÷åí ðîññèéñêèé ïàòåíò íà ñïîñîá ìàñêèðîâêè èçäåëèé ïðè èõ
ðåíòãåíîâñêîì çîíäèðîâàíèè [10]. Òàêæå ïóáëèêîâàëàñü ñåðèÿ ðàáîò, äëÿ îáîñ-
íîâàíèÿ âîçìîæíîñòè ñîçäàíèÿ ôîòîííîãî ëîêàòîðà ïðè ñèãíàëüíîì èçëó÷åíèè
íà óðîâíå ïîãðåøíîñòè èçìåðåíèé.

Ñïèñîê ëèòåðàòóðû
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� 3, 1964.

2. Ìàð÷óê Ã. È. Êîñìè÷åñêèå èññëåäîâàíèÿ, ò. II, âûï. 3, 1964, ñòð. 462�477.
3. Àíèêîíîâ Ä.Ñ. Îá îáðàòíûõ çàäà÷àõ äëÿ óðàâíåíèÿ ïåðåíîñà. Äèôôåðåí-

öèàëüíûå óðàâíåíèÿ, 1974, � 1.ñ. 7-17.
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5. Àíèêîíîâ Ä.Ñ., Íàçàðîâ Â.Ã., Ïðîõîðîâ È.Â. Âèäèìûå è íåâèäèìûå ñðåäû
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6. Àíèêîíîâ Ä.Ñ., Ïðîõîðîâ È.Â. Çíà÷åíèå êîýôôèöèåíòà ïîãëîùåíèÿ â
äèàãíîñòèêå ðàññåèâàþùèõ è ïîãëîùàþùèõ ñðåä. ÄÀÍ, 1999, ò.368, �1.

7. Àíèêîíîâ Ä.Ñ., Êîâòàíþê À.Å., Ïðîõîðîâ È.Â. Èñïîëüçîâàíèå óðàâíåíèÿ
ïåðåíîñà â òîìîãðàôèè. Ôåäåðàëüíàÿ öåëåâàÿ ïðîãðàììà ¾Ãîñóäàðñòâåí-
íàÿ ïîääåðæêà èíòåãðàöèè âûñøåãî îáðàçîâàíèÿ è ôóíäàìåíòàëüíîé íà-
óêè íà 1997-2000 ãîäû, Ìîñêâà, 2000, èçä. Ëîãîñ, ñ.3-223.
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8. D.S. Anikonov, A.E. Kovtanyuk and I.V.Prokhorov Transport equation and
Tomography. Utrecht-Boston: VSP, 2002, viii+208 p. (monograph).

9. D.S. Anikonov, V.G. Nazarov and I.V.Prokhorov Poorly Visible Media in
X-ray Tomography. Utrecht-Boston: VSP, 2002. viii+294 p. (monograph).
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Ðàçðàáîòêà àëãîðèòìà ðåøåíèÿ òðåõìåðíîé îáðàòíîé
çàäà÷è àêóñòèêè

Êàáàíèõèí C.È., Áàêàíîâ Ã.Á., Øèøëåíèí Ì.À.
Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò, Òóðêåñòàí, Êàçàõñòàí

galitdin.bakanov@ayu.edu.kz

Èññëåäóåòñÿ òðåõìåðíàÿ îáðàòíàÿ çàäà÷à àêóñòèêè îá îïðåäåëåíèè ïëîòíîñòè
è ñêîðîñòè â öèëèíäðå ïî èçìåðåíèÿì àêóñòè÷åñêîãî äàâëåíèÿ íà ïîâåðõíîñòè.
Ðàçëè÷íûå ãðóïïû îáðàòíûõ çàäà÷, çàâèñèìûå îò òèïà çàäàâàåìîé äîïîëíè-
òåëüíîé èíôîðìàöèè ðàññìîòðåíû â ìîíîãðàôèè [1].
Çàäà÷è îïðåäåëåíèÿ êîýôôèöèåíòîâ ãèïåðáîëè÷åñêèõ óðàâíåíèé è ñèñòåì ïî
íåêîòîðîé äîïîëíèòåëüíîé èíôîðìàöèè îá èõ ðåøåíèÿõ èìåþò áîëüøîå ïðàê-
òè÷åñêîå çíà÷åíèå [2]-[3]. Êàê ïðàâèëî, èñêîìûå êîýôôèöèåíòû ÿâëÿþòñÿ âàæ-
íûìè õàðàêòåðèñòèêàìè ðàññìàòðèâàåìûõ ñðåä. Ðàçðàáîòàí àëãîðèòì ðåøåíèÿ
òðåõìåðíîé îáðàòíîé çàäà÷è àêóñòèêè. Àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è äëÿ
ãèïåðáîëè÷åñêèõ óðàâíåíèé ïðåäñòàâëÿåò áîëüøîé èíòåðåñ, òàê êàê íà îñíîâå
òàêèõ àëãîðèòìîâ âîçìîæíî ñîçäàíèå êîìïëåêñîâ îáðàáîòêè ñåéñìè÷åñêèõ íà-
áëþäåíèé.
Äàííîå èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè
Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ãðàíò �
ÀÐ 19678469).
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Îáó÷åíèå ñî ñëàáîé ðàçìåòêîé íà îñíîâå ðåãóëÿðèçàöèè

Áåðèêîâ Â.Á.
ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

berikov@math.nsc.ru

Â çàäà÷àõ îáó÷åíèÿ ñî ñëàáîé ðàçìåòêîé (weakly supervised learning [1]) àííî-
òàöèÿ äàííûõ ìîæåò áûòü íåïîëíîé, íåòî÷íîé èëè íåîäíîçíà÷íîé (íàïðèìåð,
èç-çà âûñîêîé ñòîèìîñòè, îøèáîê ìàðêèðîâêè, ïðèâëå÷åíèÿ ãðóïïû ðàçíûõ ðàç-
ìåò÷èêîâ, áîëüøîãî ÷èñëà íàáëþäåíèé).
Äëÿ ðåøåíèÿ ðàññìàòðèâàåìûõ çàäà÷ ðàçðàáîòàíû ðàçëè÷íûå ïîäõîäû, îñíî-
âàííûå íà àäàïòàöèè ìîäåëåé ìàøèííîãî îáó÷åíèÿ, â òîì ÷èñëå âåðîÿòíîñòíûå
èëè àíñàìáëåâûå ìåòîäû, à òàêæå ìåòîäû, îñíîâàííûå íà ïðåäïîëîæåíèÿõ î
êëàñòåðíîé ñòðóêòóðå äàííûõ è î ðåãóëÿðèçàöèè ìíîãîîáðàçèÿ. Äëÿ ïîñòðîå-
íèÿ âåêòîðíûõ ïðåäñòàâëåíèé îáúåêòîâ èñïîëüçóåòñÿ ãëóáîêîå îáó÷åíèå.
Àêòóàëüíîé ïðîáëåìîé îñòàåòñÿ ñîâåðøåíñòâîâàíèå óêàçàííûõ ïîäõîäîâ: ðàç-
ðàáîòêà ìåòîäîâ, ïîçâîëÿþùèõ çà ïðèåìëåìîå âðåìÿ ïîëó÷àòü òî÷íûå è íàäåæ-
íûå ðåøåíèÿ â óñëîâèÿõ ðàçíîðîäíîñòè äàííûõ (ðàçëè÷íûõ ôîðì èõ ïðåäñòàâ-
ëåíèÿ è èñòî÷íèêîâ ïîëó÷åíèÿ) è íåäîñòàòêå îáó÷àþùåé èíôîðìàöèè; ñîçäàíèå
ýôôåêòèâíûõ àëãîðèòìîâ àíàëèçà äàííûõ áîëüøîãî îáúåìà. Ñóùåñòâóþùèå
àëãîðèòìû ÷àñòî òðåáóþò òðóäîåìêèõ âû÷èñëåíèé è áîëüøîãî îáúåìà ïàìÿòè.
Â äàííîé ðàáîòå áóäåì ðàññìàòðèâàòü ñëåäóþùèå ñïîñîáû çàäàíèÿ ñëàáîé ðàç-
ìåòêè è ñîîòâåòñòâóþùåé ïîñòàíîâêè çàäà÷è.
à) Âûáîðêà èìååò âèä òàáëèöû íàáëþäåíèé çà ïðèçíàêàìè îáúåêòîâ. Äëÿ êàæ-
äîãî îáúåêòà ai çíà÷åíèå öåëåâîé ïåðåìåííîé Yi ïîä÷èíÿåòñÿ íåêîòîðîìó èç-
âåñòíîìó ðàñïðåäåëåíèþ. Ðàññìîòðèì ñëó÷àé íîðìàëüíîãî ðàñïðåäåëåíèÿ: Yi ∼
N (ai, σi), ïàðàìåòðû êîòîðîãî (ëèáî èõ îöåíêè) èçâåñòíû, íàïðèìåð, îöåíåíû
ïî äàííûì êðàóäñîðñèíãà. ×àñòü âûáîðêè íåðàçìå÷åíà è èñïîëüçóåòñÿ êàê èñ-
òî÷íèê äîïîëíèòåëüíîé èíôîðìàöèè. Òðåáóåòñÿ äëÿ êàæäîãî íåðàçìå÷åííîãî
íàáëþäåíèÿ ïîñòðîèòü ðåøåíèå â âèäå ñòàòèñòè÷åñêîãî ðàñïðåäåëåíèÿ F (x), ò.å.
íà ÿçûêå ñëàáîé ðàçìåòêè.
á) Ðàññìàòðèâàåòñÿ çàäà÷à ñåìàíòè÷åñêîé ñåãìåíòàöèè èçîáðàæåíèé. Òðåáóåòñÿ
âûäåëèòü îáëàñòè äâóõ êëàññîâ, íàïðèìåð ïàòîëîãè÷åñêèå è çäîðîâûå ó÷àñòêè
íà òîìîãðàôè÷åñêîì ñíèìêå. Ïðè ýòîì îáó÷àþùàÿ ðàçìåòêà çàäàåòñÿ â âèäå
ìàñîê, âêëþ÷àþùèõ îáëàñòè èçîáðàæåíèÿ èíòåðåñóþùåãî êëàññà. Íåòî÷íîñòü
ðàçìåòêè ïðîèñòåêàåò èç âîçìîæíîãî íèçêîãî êà÷åñòâà ñíèìêîâ, íåäîñòàòî÷íîãî
îïûòà ðàçìåò÷èêîâ, áîëüøîãî ÷èñëà èçîáðàæåíèé, íàëè÷èÿ øóìà â îáîðóäîâà-
íèè è ò.ä.
Â ïðåäëàãàåìîì äîêëàäå ðàññìàòðèâàåòñÿ íîâûé ïîäõîä ê ðåøåíèþ çàäà÷ îáó-
÷åíèÿ ñî ñëàáîé ðàçìåòêîé, îñíîâíûé íà ðàçëè÷íûõ âàðèàíòàõ ðåãóëÿðèçàöèè
[2, 1, 4]. Ïðè ýòîì äëÿ ïîâûøåíèÿ ýôôåêòèâíîñòè ðåøåíèé èñïîëüçóþòñÿ òà-
êèå ìåòîäû, êàê ëàòåíòíîå ïðåäñòàâëåíèå äàííûõ ñ ïîìîùüþ ãëóáîêîãî àâòî-
ýíêîäåðà; íèçêîðàíãîâûå îïåðàöèè ñ ìàòðèöåé ñõîäñòâà; ñãëàæèâàíèå ãðàíèö
èçîáðàæåíèé. Ïðèâåäåíû ðåçóëüòàòû ïðèìåíåíèÿ ðàçðàáîòàííûõ àëãîðèòìîâ è
ñðàâíåíèÿ ñ ðÿäîì èçâåñòíûõ ìåòîäîâ.
Ðàáîòà ïðîâåäåíà ïðè ïîääåðæêå ÐÍÔ, ïðîåêò 24-21-00195.

Ñïèñîê ëèòåðàòóðû
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1. Zhou Z-H. A brief introduction to weakly supervised learning // National
science review, 2018. V. 5(1). P. 44�53.

2. Kalmutskiy K. , Berikov V. Enhancing Stability of the Weakly Supervised
Regression Algorithm Using Manifold Regularization and Fuzzy Clustering //
Pattern Recognition and Image Analysis, 2025. V.35. No1. P.16�18.

3. Kalmutskiy K. , Berikov V. Clustering-Based Graph Neural Network in a
Weakly Supervised Regression Problem // Lecture Notes in Computer Science,
2025. V.15681. P.335�347.

4. Mikhailapov D. , Tulupov A., Berikov V. Mask Correction in 3-D Tomography
Brain Images for Weakly Supervised Segmentation of Acute Ischemic Stroke //
2024 International Russian Smart Industry Conference (SmartIndustryCon),
Sochi, Russian Federation, 2024. IEEE. P. 796�801.

Âîññòàíîâëåíèå ñòàöèîíàðíîãî êîýôôèöèåíòà ìëàäøåé
ïðîèçâîäíîé ïàðàáîëè÷åñêîãî óðàâíåíèÿ

Âàñèëüåâ Â.È., Êàðäàøåâñêèé À.Ì.
Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èì. Ì.Ê.Àììîñîâà, ßêóòñê

Çàäà÷è îá îïðåäåëåíèè íåèçâåñòíûõ êîýôôèöèåíòîâ â íà÷àëüíî-êðàåâûõ çàäà-
÷àõ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè îòíîñÿòñÿ ê
îáðàòíûì çàäà÷àì. Îíè âîçíèêàþò â ñàìûõ ðàçëè÷íûõ ðàçäåëàõ íàóêè è òåõíè-
êè. Èññëåäîâàíèÿì òåîðåòè÷åñêèõ âîïðîñîâ óñëîâíîé êîððåêòíîñòè è ìåòîäàì
÷èñëåííîãî ðåøåíèÿ îáðàòíûõ çàäà÷ äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè ïî-
ñâÿùåíû ìîíîãðàôèè îñíîâàòåëåé äàííîãî ðàçäåëà ìàòåìàòèêè À.Í. Òèõîíîâà
(Ìîñêîâñêàÿ øêîëà), Â.Ê. Èâàíîâà (Ñâåðäëîâñêàÿ øêîëà) è Ì.Ì. Ëàâðåíòüåâà
(Íîâîñèáèðñêàÿ øêîëà).

Â äîêëàäå ïðåäëàãàåòñÿ èòåðàöèîííûé ìåòîä ÷èñëåííîãî ðåøåíèÿ îáðàòíîé çà-
äà÷è îïðåäåëåíèÿ ñòàöèîíàðíîãî êîýôôèöèåíòà ïðè ïåðâîé ïðîèçâîäíîé ïî
ïðîñòðàíñòâåííîé ïåðåìåííîé ïàðàáîëè÷åñêîãî óðàâíåíèÿ, ïðåäñòàâëÿþùåãî
ñîáîé ôóíêöèþ, çàâèñÿùóþ îò ïðîñòðàíñòâåííûõ ïåðåìåííûõ. Â êà÷åñòâå óñëî-
âèÿ ïåðåîïðåäåëåíèÿ äëÿ êàæäîãî çàäàíî çíà÷åíèå èñêîìîé ôóíêöèè ïî îáëà-
ñòè îïðåäåëåíèÿ ïðîñòðàíñòâåííîé ïåðåìåííîé. Ïðåäñòàâëåíû ðåçóëüòàòû ÷èñ-
ëåííîé ðåàëèçàöèè ïðåäëîæåííîãî âû÷èñëèòåëüíîãî àëãîðèòìà íà òåñòîâûõ çà-
äà÷àõ ñ òî÷íûìè è êâàçèðåøåíèÿìè.
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Èòåðàöèîííûå ìåòîäû ïðè àíàëèçå íåêîððåêòíûõ çàäà÷
âûïóêëîãî ïðîãðàììèðîâàíèÿ

Âàñèí Â.Â., Ãàéíîâà È.À.
ÈÌÌ ÓðÎ ÐÀÍ, Åêàòåðèíáóðã, Ðîññèÿ

vasin@imm.uran.ru

Ðàññìàòðèâàåòñÿ çàäà÷à ìèíèìèçàöèè:

inf { f0(u) : u ∈ Q } , (1)

ãäå f0 : U → R1 � äâàæäû äèôôåðåíöèðóåìûé âûïóêëûé ôóíêöèîíàë, Q �
âûïóêëîå ìíîæåñòâî ãèëüáåðòîâîãî ïðîñòðàíñòâà U , â ÷àñòíîñòè,

Q = {u ∈ D ⊆ U, fi(u) ≤ 0, i = 1, 2, . . . ,m } , (2)

ãäå fi � âûïóêëûå íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèîíàëû. Äëÿ ðåøåíèÿ
çàäà÷è (1), (2) ïðåäëàãàåòñÿ èòåðàöèîííûé ìåòîä

uk+1 = γk+1

[
PQ

(
uk − λ∇f0(uk)

)]
+ (1− γk+1)v0, (3)

ãäå PQ � îïåðàòîð ìåòðè÷åñêîãî ïðîåêòèðîâàíèÿ, γk � ñåìåéñòâî êîððåêòèðó-
þùèõ ìíîæèòåëåé [1]. Ïðè ðåàëèçàöèè ïðîöåññà (3) PQ(v) âû÷èñëÿþòñÿ óñòîé-
÷èâûì ìåòîäîì íà îñíîâå ìîäèôèöèðîâàííîãî ïðîöåññà [2] (Ch. 3, Sec. 3):

uk+1 = uk − λ

κ0

m∑
i=1

f+
i (u

k)∇fi(uk).

×èñëåííàÿ ýôôåêòèâíîñòü ïðîöåññîâ èëëþñòðèðóåòñÿ íà ñåðèè ìîäåëüíûõ ïðè-
ìåðîâ.

Ñïèñîê ëèòåðàòóðû

1. Vasin V.V. Stable iterative methods in problem of constrained convex minimizations //
Eurasian J. Math. Comput. Appl. 2024. Vol. 12, No 4. P. 150�157.

2. Vasin V.V., Eremin I.I.Operators and iterative processes of Fejèr type. Theory
and applications. Berlin|New York: Walter de Gruyter, 2009.
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Ïðÿìàÿ è îáðàòíàÿ çàäà÷à äëÿ ìíîãîìåðíîãî
èíòåãðàëüíîãî óðàâíåíèÿ òèïà ñâåðòêè

Âîðîíèí À.Ô.
ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

voronin@math.nsc.ru

Äëÿ m ≥ 1 ïîëîæèì

Rm
± := {t = (t1, ..., tm) ∈ Rm : ±tj > 0, j = 1,m}.

Ïóñòü M+ � îãðàíè÷åííîå ìíîæåñòâî â Rm
+ , M

− := −M+:

M± ⊂ {t ∈ Rm
± : 0 < ±tj < ±Tj, ãäå 2δj > Tj > δj > 0, j = 1,m} := P±

δ .

P±
δ � m−ìåðíûå ïðÿìîóãîëüíèêè â Rm

± ñîîòâåòñòâåííî.
Ñôîðìóëèðóåì ñíà÷àëà ïðÿìóþ çàäà÷ó. Â ïðÿìîé çàäà÷å òðåáóåòñÿ íàéòè ðå-
øåíèå u ∈ L1(M

+) ñëåäóþùåãî óðàâíåíèÿ òèïà ñâåðòêè âòîðîãî ðîäà:

u(t)− k ∗ u(t) = f(t), t ∈M+, (1)

ãäå

k ∈ L1

(
M− ∪M+

)
, f ∈ L1(M

+), k ∗ u(t) =
∫

M+

k(t− s)u(s) ds. (2)

Áóäåì ïðåäïîëàãàòü, ÷òî k(t) = 0 â çàäàíîé îêðåñòíîñòè òî÷êè t = 0. Ýòà
îêðåñòíîñòü ñîäåðæèò íåêîòîðûé m− ìåðíûé ïðÿìîóãîëüíèê:

k(t) = 0, t ∈ Oδ ⊂M+ ∪M−. (3)

Â ïðÿìîé çàäà÷å ôóíêöèè f è k ñ÷èòàþòñÿ èçâåñòíûìè.
Â îáðàòíîé çàäà÷å íåîáõîäèìî íàéòè ïðàâóþ ÷àñòü óðàâíåíèÿ (1) � ôóíêöèþ f
íà íåêîòîðîì m−ìåðíîì ïðÿìîóãîëüíèêå N ⊂M+ ïî ðåøåíèþ ïðÿìîé çàäà÷è,
èçâåñòíîìó íà N . Äðóãèìè ñëîâàìè, èçâåñòíî ðåøåíèÿ u ∈ L1(N). Ôóíêöèè f
è k ñ÷èòàþòñÿ íåèçâåñòíûìè. Çàäàíû ëèøü óñëîâèÿ (2)�(3). Îòìåòèì, ÷òî m−
ìåðíûé ïðÿìîóãîëüíèê N íå ÿâëÿåòñÿ ïðîèçâîëüíûì ïîäìíîæåñòâîì ìíîæå-
ñòâà M+, à îïðåäåëÿåòñÿ ñîîòâåòñòâóþùåé ôîðìóëîé.
Íàéäåíû ðåøåíèÿ â ÿâíîì âèäå ïðÿìîé è îáðàòíîé çàäà÷. Îòìåòèì, ÷òî äîêëàä
ÿâëÿåòñÿ ðàçâèòèåì ðàáîòû àâòîðà [1].

Ñïèñîê ëèòåðàòóðû

1. Voronin A.F. About the supports in the Fredholm convolution // Journal of
Inverse and Ill-Posed Problems. 2024. V.3 3. � 1. P.543-550. DOI: 10.1515/jiip-
2024-0015
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Óñòîé÷èâîå ðåøåíèå ïðèáëèæåííîé çàäà÷è ëèíåéíîãî
ïðîãðàììèðîâàíèÿ ñ ïîýëåìåíòíûì çàäàíèåì

ïîãðåøíîñòåé â èñõîäíûõ äàííûõ

Åðîõèí Â.È.1, Òàìàñÿí Ã.Ø.1,2

1 Âîåííî�êîñìè÷åñêàÿ àêàäåìèÿ èìåíè À.Ô.Ìîæàéñêîãî, Ñàíêò�Ïåòåðáóðã, Ðîññèÿ
2 ÈÏÌàø ÐÀÍ, Ñàíêò�Ïåòåðáóðã, Ðîññèÿ

vka@mil.ru

Ðàññìàòðèâàåòñÿ çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ èíòåðâàëüíûìè îãðà-
íè÷åíèÿìè:

Ax = b, x ⩾ 0, c⊤x→ min, (1)

A ⩽ A ⩽ A, b ⩽ b ⩽ b, (2)

ãäå A = (ai,j) ∈ Rm×n, A = (ai,j) ∈ Rm×n, b, b ∈ Rm, c ∈ Rn � èçâåñòíûå
îáúåêòû; A ∈ Rm×n, b ∈ Rm, x ∈ Rn � îáúåêòû, ïîäëåæàùèå îïðåäåëåíèþ.
Ïðåäïîëàãàåòñÿ, ÷òî çàäà÷à (1), (2) ðàçðåøèìà, ò.å., ñóùåñòâóþò ãèïîòåòè÷åñêèå
(íåèçâåñòíûå) âåêòîð x0 ∈ Rn, ìàòðèöà A0 ∈ Rm×n è âåêòîð b0 ∈ Rm òàêèå ÷òî
1) A0, b0 óäîâëåòâîðÿþò óñëîâèÿì (2); 2) ñîîòâåòñòâóþùàÿ çàäà÷à (1) ÿâëÿåòñÿ
ñîáñòâåííîé; 3) x0 ÿâëÿåòñÿ åå íîðìàëüíûì ðåøåíèåì.
Ïðîáëåìó ïîñòðîåíèÿ óñòîé÷èâîãî ðåøåíèÿ çàäà÷è (1), (2) ñôîðìóëèðóåì êàê
çàäà÷ó îïðåäåëåíèÿ ìàòðèöû A∗ è âåêòîðîâ b∗, x∗ òàêèõ, ÷òî x∗ ÿâëÿåòñÿ íîð-
ìàëüíûì ðåøåíèåì ñîîòâåòñòâóþùåé çàäà÷è (1) è ñïðàâåäëèâû óñëîâèÿ A −
A→ 0, b− b→ 0 ⇒ A∗ → A0, b

∗ → b0, x
∗ → x0.

Îïèðàÿñü íà ðåçóëüòàòû ðàáîò [3]�[3], ìîæíî ïîêàçàòü, ÷òî ñïðàâåäëèâà

Òåîðåìà. Ïóñòü ñèñòåìà ëèíåéíûõ íåðàâåíñòâ A
⊤
p − A⊤q ⩽ c, p, q ⩽ 0, ãäå

p, q ∈ Rm, ñîâìåñòíà. Òîãäà 1) ðàçðåøèìà çàäà÷à êâàäðàòè÷íîãî ïðîãðàììèðî-
âàíèÿ

x⊤x→ min, A
⊤
p−A⊤q ⩽ c, Ax ⩽ b, −Ax ⩽ −b, c⊤x = b⊤(p−q), p, q, x ⩾ 0;

(3)
2) îòíîñèòåëüíî âåêòîðà a = (aj) ∈ Rmn ðàçðåøèìà ñèñòåìà ëèíåéíûõ íåðà-
âåíñòâ

a ⩽ a ⩽ a, b ⩽ Xa ⩽ b, Ua ⩽ c,

ãäå ìàòðèöû X ∈ Rm×mn, U ∈ Rn×mn è âåêòîðû a, a ∈ Rmn ïîñòðîåíû ïî
ïðàâèëàì

X =

 x⊤
x⊤

...
x⊤

 , U =
(
u1In u2In . . . umIn

)
,

a=(a1,1, ... , a1,n, a2,1, ... , a2,n, ... , am,1, ... , am,n)
⊤, a=(a1,1, ... , a1,n, a2,1, ... , a2,n, ... , am,1, ... , am,n)

⊤,

x, p, q � ðåøåíèå çàäà÷è (3), u = p− q, In � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n;
3) Âåêòîð x∗ = x, à òàêæå ìàòðèöà A∗ ∈ Rm×n è âåêòîð b∗ ∈ Rm, ïîñòðîåí-
íûå ïî ïðàâèëàì
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A∗ =


a1 a2 . . . an
an+1 an+2 . . . a2n
. . . . . . . . . . . .

a(m−1)n+1 a(m−1)n+2 . . . amn

 , b∗ = A∗x∗,

ÿâëÿþòñÿ óñòîé÷èâûì ðåøåíèåì çàäà÷è (1), (2).

Ñïèñîê ëèòåðàòóðû
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íåâÿçêè äëÿ íåêîòîðûõ çàäà÷ ëèíåéíîé àëãåáðû è ëèíåéíîãî ïðîãðàì-
ìèðîâàíèÿ // Æ. âû÷èñë. ìàòåì. è ìàòåì. ôèç. 1998. Ò. 38, � 7. Ñ. 1140�
1152.

2. Èâàíèöêèé À. Þ., Óðóñîâ À. Ì. ×èñëåííûé àíàëèç ìåòîäà ïîòî÷å÷íîé
íåâÿçêè äëÿ ðåøåíèÿ ïðÿìîé è äâîéñòâåííîé íåóñòîé÷èâîé çàäà÷è ëèíåé-
íîãî ïðîãðàììèðîâàíèÿ ñ ïðèáëèæåííûìè äàííûìè // Âåñòí. ×óâàøñêî-
ãî óíèâåðñèòåòà. 2018. � 1. Ñ. 108�116.

3. Ôèäëåð Ì., Íåäîìà É., Ðàìèê ß., Ðîí È., Öèììåðìàí Ê. Çàäà÷è ëèíåé-
íîé îïòèìèçàöèè ñ íåòî÷íûìè äàííûìè. Ì.-Èæåâñê: ÍÈÖ ¾Ðåãóëÿðíàÿ è
õàîòè÷åñêàÿ äèíàìèêà¿, Èí-ò êîìïüþòåðíûõ èññëåäîâàíèé, 2008.

Ïðèìåíåíèå ãåîðàäàðíîãî êîìïëåêñà ¾ÎÊÎ¿ äëÿ
ýêñïåðèìåíòàëüíîãî èññëåäîâàíèÿ êîíñòðóêòèâíûõ ñëî¼â

äîðîæíîé îäåæäû

Èñêàêîâ Ê.Ò., Æàíñåèòîâà À.Ì., Ñàãèíäûêîâ Ê.Ì., Êàëìåíîâ Ê.Á., Æóñóïîâ
Ò.À.

Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì.Ë.Í.Ãóìèëåâà, ã Àñòàíà, Êàçàõñòàí

kazizat@mail.ru

Â óñëîâèÿõ âîçðîñøåé íàãðóçêè íà òðàíñïîðòíóþ èíôðàñòðóêòóðó Ðåñïóáëèêè
Êàçàõñòàí àêòóàëüíîé çàäà÷åé ÿâëÿåòñÿ âíåäðåíèå ñîâðåìåííûõ ìåòîäîâ íåðàç-
ðóøàþùåãî êîíòðîëÿ ñîñòîÿíèÿ äîðîæíûõ êîíñòðóêöèé. Ãåîðàäàðíûå êîìïëåê-
ñû ñåðèè ¾ÎÊÎ¿ ïîçâîëÿþò áûñòðî è âûñîêîòî÷íî îáñëåäîâàòü êîíñòðóêòèâíûå
ñëîè äîðîæíîé îäåæäû áåç ïîâðåæäåíèÿ ïîêðûòèÿ.
Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ îöåíêà âîçìîæíîñòåé è ýôôåêòèâíîñòè ïðèìå-
íåíèÿ ãåîðàäàðà ñåðèè ¾ÎÊÎ¿ äëÿ äèàãíîñòèêè ðàçëè÷íûõ òèïîâ äîðîæíîé
îäåæäû ñ âûÿâëåíèåì äåôåêòîâ, çîí ïåðåóâëàæíåíèÿ, íåîäíîðîäíîñòåé è îïðå-
äåëåíèåì ãðàíèö ñëî¼â. Ýêñïåðèìåíòàëüíûå ðàáîòû âûïîëíåíû íà ó÷àñòêàõ
àâòîìîáèëüíûõ äîðîã ñ àñôàëüòîáåòîííûì, ãðàâèéíûì è êîìáèíèðîâàííûì ïî-
êðûòèåì. Ïðèìåíÿëèñü àíòåííûå áëîêè ÀÁ-250, ÀÁ-400 è ÀÁ-700, îáåñïå÷èâà-
þùèå ãëóáèíó çîíäèðîâàíèÿ äî 6�8 ì è ðàçíóþ ðàçðåøàþùóþ ñïîñîáíîñòü.
Ðåçóëüòàòû ïîêàçàëè, ÷òî êîìïëåêñ ¾ÎÊÎ¿ ïîçâîëÿåò îïðåäåëÿòü õàðàêòåðíûå
ýëåêòðîôèçè÷åñêèå ïàðàìåòðû äîðîæíîé îäåæäû, âûÿâëÿòü ñêðûòûå äåôåêòû
è ðàçðàáàòûâàòü ðåêîìåíäàöèè ïî âûáîðó àíòåíí è ðåæèìîâ ñú¼ìêè. Ïðåäëî-
æåííàÿ ìåòîäèêà îáåñïå÷èâàåò âûñîêóþ òî÷íîñòü è âîñïðîèçâîäèìîñòü äàííûõ,
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ñïîñîáñòâóåò èíòåãðàöèè ðåçóëüòàòîâ â öèôðîâûå ìîäåëè èíôðàñòðóêòóðû è
ìîæåò áûòü èñïîëüçîâàíà êàê îñíîâà äëÿ àâòîìàòèçèðîâàííîãî ìîíèòîðèíãà
äîðîã.
Ãåîðàäàðíûé êîìïëåêñ ¾ÎÊÎ¿ ïðîäåìîíñòðèðîâàë âûñîêóþ ýôôåêòèâíîñòü
ïðè îáñëåäîâàíèè äîðîæíûõ êîíñòðóêöèé. Êîìïëåêñíîå ïðèìåíåíèå àíòåíí
îáåñïå÷èâàåò òî÷íîå âûÿâëåíèå ãðàíèö è äåôåêòîâ ñëî¼â. Ïðåäëîæåííûå ìå-
òîäèêè îáðàáîòêè è èíòåðïðåòàöèè ðàäàðîãðàìì ïîçâîëÿþò ïîëó÷èòü äîñòî-
âåðíóþ èíôîðìàöèþ î ñòðóêòóðå äîðîæíîé îäåæäû. Â ïåðñïåêòèâå öåëåñîîá-
ðàçíî ðàçâèòèå àâòîìàòèçèðîâàííûõ àëãîðèòìîâ èíòåðïðåòàöèè ñ èñïîëüçîâà-
íèåì òåõíîëîãèé ìàøèííîãî îáó÷åíèÿ è èíòåãðàöèÿ ÃÏÐ-äàííûõ â öèôðîâûå
ñèñòåìû óïðàâëåíèÿ èíôðàñòðóêòóðîé.
Ðàáîòà ïîääåðæàíà â ðàìêàõ ãðàíòîâîãî ôèíàíñèðîâàíèÿ ÌÍèÂÎ ÐÊ 2023�2025
ïî ïðîåêòó ÀÐ 19680361 ¾Ðàçðàáîòêà âû÷èñëèòåëüíûõ òåõíîëîãèé äëÿ äèàãíî-
ñòèêè äîðîæíîé îäåæäû àâòîìîáèëüíûõ òðàññ¿.
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Ïîñëåäñòâèÿ çàìåíû âåðîÿòíîñòåé ÷àñòîòàìè

Çîðêàëüöåâ Â.È., Êíÿçåâ À.Ñ.
ÔÃÁÎÓ ÂÎ ÁÃÓ, Èðêóòñê, Ðîññèÿ

vizork@mail.ru

Â ìàòåìàòè÷åñêèõ ðàñ÷¼òàõ íåðåäêî â êà÷åñòâå èñõîäíûõ äàííûõ èñïîëüçóþò-
ñÿ âåðîÿòíîñòè ðåàëèçàöèè ñîáûòèé. Ïðè ýòîì òî÷íûå çíà÷åíèÿ âåðîÿòíîñòåé
ìîãóò áûòü íåèçâåñòíû. Ïîëüçóþòñÿ ÷àñòîòàìè ðåàëèçàöèè ñîáûòèé â ðàñïîëà-
ãàåìûõ íàáëþäåíèÿõ. ×àñòîòû ñîáûòèé â îãðàíè÷åííûõ âûáîðêàõ, åñòåñòâåííî,
ìîãóò îòëè÷àòüñÿ îò íåèçâåñòíûõ èñòèííûõ çíà÷åíèé âåðîÿòíîñòè.
Äîêëàä ïîñâÿùåí èçëîæåíèþ ðàçðàáàòûâàåìîé ìåòîäèêè àíàëèçà âëèÿíèÿ çà-
ìåíû âåðîÿòíîñòåé ÷àñòîòàìè íà ðåçóëüòàòû ðàñ÷åòîâ â çàâèñèìîñòè îò îáúåìîâ
âûáîðêè è èñïîëüçóåìîãî ìåòîäà âû÷èñëåíèé. Â êà÷åñòâå ïðèìåðîâ ðàññìàòðè-
âàþòñÿ âû÷èñëåíèå ýíòðîïèè è àëãîðèòìû îöåíêè ïàðàìåòðîâ óñå÷åííîãî ýêñ-
ïîíåíöèàëüíîãî çàêîíà ðàñïðåäåëåíèÿ (íà ïðèìåðå çàäà÷è îöåíêè ïàðàìåòðîâ
ïðîöåññà ñìåðòíîñòè ðûá îçåðà Áàéêàë [1]).
Ìåòîäèêà áàçèðóåòñÿ íà èñïîëüçîâàíèè ìåòîäà ñòàòèñòè÷åñêèõ èñïûòàíèé äëÿ
ôîðìèðîâàíèÿ áîëüøîãî íàáîðà âîçìîæíûõ âàðèàíòîâ ðåàëèçàöèè ñëó÷àéíûõ
âûáîðîê çàäàííîãî îáúåìà. Äëÿ êàæäîãî âàðèàíòà âûáîðêè îñóùåñòâëÿåòñÿ ðå-
àëèçàöèÿ ðàññìàòðèâàåìîé çàäà÷è (ðàñ÷åò ïîêàçàòåëÿ ýíòðîïèè, ïàðàìåòðîâ
äèíàìèêè ñìåðòíîñòè). Íà îñíîâå îáðàáîòêè äàííûõ ðàñ÷åòîâ áîëüøîãî íàáîðà
âàðèàíòîâ îïðåäåëÿþòñÿ ñòàòèñòè÷åñêèå ïîêàçàòåëè, õàðàêòåðèçóþùèå ïîñëåä-
ñòâèÿ îò çàìåíû âåðîÿòíîñòåé ÷àñòîòàìè: ìàòåìàòè÷åñêîå îæèäàíèå ñìåùåíèÿ
ðàññ÷èòûâàåìûõ âåëè÷èí îò èõ èñòèííûõ çíà÷åíèé, äèñïåðñèÿ ðàññ÷èòûâàåìûõ
âåëè÷èí è äð.
Íà áàçå ðàñ÷åòîâ òàêèõ ïîêàçàòåëåé ìîæíî îöåíèâàòü âëèÿíèå îáúåìà âûáîð-
êè íà êà÷åñòâî ðàñ÷åòîâ, îñóùåñòâëÿòü ñðàâíèòåëüíûé àíàëèç ðàçíûõ ìåòîäîâ
ðàñ÷åòà èíòåðåñóþùèõ íàñ ïîêàçàòåëåé. Â ÷àñòíîñòè, òàêèå ðàñ÷åòû ïîçâîëè-
ëè îöåíèòü, ñêîëüêî òðåáóåòñÿ âûëîâèòü è èäåíòèôèöèðîâàòü ïî âîçðàñòó ðûá
äëÿ îöåíêè ñ çàäàííîé òî÷íîñòüþ ïàðàìåòðîâ äèíàìèêè ñìåðòíîñòè. Ïîçâîëè-
ëè îïðåäåëèòü íàèëó÷øåå ïðàâèëî âûáîðà âåñîâûõ êîýôôèöèåíòîâ ïðè äàííûõ
î ÷èñëåííîñòè ðûá ðàçíûõ âîçðàñòîâ [2, 3]. Âûÿâèòü ìåòîäû, êîòîðûå äàþò çíà-
÷èòåëüíî áîëåå òî÷íóþ îöåíêó ïàðàìåòðîâ (â 4-5 ðàç ïî ñìåùåíèþ ìàòåìàòè-
÷åñêîãî îæèäàíèÿ è äèñïåðñèè îöåíîê êîýôôèöèåíòà ñìåðòíîñòè).
Ðàññìàòðèâàþòñÿ âîçìîæíîñòè èñïîëüçîâàíèÿ èçëàãàåìîé ìåòîäèêè äëÿ îöåí-
êè ïàðàìåòðîâ äðóãèõ çàêîíîâ ðàñïðåäåëåíèÿ, äëÿ âûÿâëåíèÿ âûáðîñîâ â îò-
äåëüíûå ãîäû ÷èñëåííîñòåé ðûá, äëÿ ó÷åòà ïîãðåøíîñòåé â îöåíêàõ âîçðàñòà
îòäåëüíûõ ýêçåìïëÿðîâ ðûá. Îáñóæäàþòñÿ ïðîáëåìû â ðåàëèçàöèè èçëàãàåìîé
ìåòîäèêè.
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Ê âîïðîñó èäåíòèôèêàöèè òåðìîäèíàìè÷åñêèõ
ïàðàìåòðîâ âåùåñòâà

Çóáîâ Â.È.
Ôåäåðàëüíûé èññëåäîâàòåëüñêèé öåíòð "Èíôîðìàòèêà è óïðàâëåíèå"ÐÀÍ, Ìîñêâà,

Ðîññèÿ

vladimir.zubov@mail.ru

Èññëåäîâàíèå íåëèíåéíûõ çàäà÷, ñâÿçàííûõ ñ ïðîöåññîì òåïëîïåðåäà÷è â âå-
ùåñòâå, èìååò áîëüøîå ïðàêòè÷åñêîå çíà÷åíèå. Îäíîé èç çàäà÷, âîçíèêàþùèõ
ïðè èññëåäîâàíèè ñâîéñòâ íîâûõ ìàòåðèàëîâ, ÿâëÿåòñÿ çàäà÷à èäåíòèôèêàöèè
çàâèñÿùèõ îò òåìïåðàòóðû êîýôôèöèåíòà òåïëîïðîâîäíîñòè è îáúåìíîé òåïëî-
åìêîñòè èññëåäóåìîãî âåùåñòâà ïî ðåçóëüòàòàì ýêñïåðèìåíòàëüíûõ íàáëþäåíèé
çà äèíàìèêîé òåìïåðàòóðíîãî ïîëÿ â îáúåêòå è íà åãî ãðàíèöå. Ðàññìîòðåíèå
ýòîé çàäà÷è îñíîâàíî íà ïåðâîé êðàåâîé çàäà÷å äëÿ íåñòàöèîíàðíîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè. Îáðàòíàÿ êîýôôèöèåíòíàÿ çàäà÷à ñâîäèòñÿ ê âàðèàöèîííîé
çàäà÷å. Â êà÷åñòâå öåëåâîãî ôóíêöèîíàëà âûáðàíî ñòàíäàðòíîå îòêëîíåíèå ðàñ-
÷åòíîãî òåìïåðàòóðíîãî ïîëÿ â îáðàçöå îò åãî ýêñïåðèìåíòàëüíîãî çíà÷åíèÿ [1]
èëè ñòàíäàðòíîå îòêëîíåíèå ðàñ÷åòíîãî ïîòîêà òåïëà íà ãðàíèöå îáúåêòà îò åãî
ýêñïåðèìåíòàëüíîãî çíà÷åíèÿ [2]. Ïîëó÷åíû âûðàæåíèÿ äëÿ ðàñ÷åòà ãðàäèåí-
òà öåëåâîãî ôóíêöèîíàëà. Ïðåäëîæåí àëãîðèòì ÷èñëåííîãî ðåøåíèÿ îáðàòíîé
êîýôôèöèåíòíîé çàäà÷è, â îñíîâå êîòîðîãî ëåæèò ñîâðåìåííàÿ ìåòîäîëîãèÿ
áûñòðîãî àâòîìàòè÷åñêîãî äèôôåðåíöèðîâàíèÿ. Èññëåäîâàíà åäèíñòâåííîñòü
ðåøåíèÿ ñôîðìóëèðîâàííîé îáðàòíîé çàäà÷è. Ïðåäñòàâëåíû è îáñóæäàþòñÿ
ðåçóëüòàòû ðåøåíèÿ ñôîðìóëèðîâàííîé îáðàòíîé çàäà÷è.
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ãåîðàäàðíûõ äàííûõ è èíòåðïðåòàöèè ïîäïîâåðõíîñòíûõ

ñòðóêòóð

Èñêàêîâ Ê.Ò., Òóðàðîâà Ì.Ê., Êóñàèíîâà À.Ò., Îðàëáåêîâà Æ.Î., Òàòèí À.À.
Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì.Ë.Í.Ãóìèëåâà, ã Àñòàíà, Êàçàõñòàí

kazizat@mail.ru

Ñîâðåìåííîå ðàçâèòèå ìåòîäîâ íåðàçðóøàþùåãî êîíòðîëÿ è ìîíèòîðèíãà òðàíñ-
ïîðòíîé èíôðàñòðóêòóðû òðåáóåò ñîâåðøåíñòâîâàíèÿ âû÷èñëèòåëüíûõ òåõíî-
ëîãèé äëÿ èíòåðïðåòàöèè äàííûõ ãåîðàäàðíîãî îáñëåäîâàíèÿ. Îñîáîå çíà÷å-
íèå ïðèîáðåòàåò ïîñòðîåíèå àëãîðèòìîâ, ñïîñîáíûõ êîððåêòíî ðåøàòü ïðÿìóþ
è îáðàòíóþ çàäà÷è â óñëîâèÿõ êóñî÷íî-íåïðåðûâíîé ñðåäû, õàðàêòåðíîé äëÿ
êîíñòðóêòèâíûõ ñëî¼â äîðîæíîé îäåæäû. Íàëè÷èå ñëîèñòûõ ñòðóêòóð ñ ðåç-
êèìè èçìåíåíèÿìè äèýëåêòðè÷åñêèõ ñâîéñòâ è âëàæíîñòè ïðèâîäèò ê ñëîæíî-
ìó ðàñïðåäåëåíèþ ýëåêòðîìàãíèòíîãî ïîëÿ, ÷òî äåëàåò ñòàíäàðòíûå ìåòîäû
èíòåðïðåòàöèè íåäîñòàòî÷íî òî÷íûìè. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ðàç-
ðàáîòêà àëãîðèòìà, ïîçâîëÿþùåãî ìîäåëèðîâàòü ðàñïðîñòðàíåíèå ýëåêòðîìàã-
íèòíîé âîëíû (ïðÿìàÿ çàäà÷à) è âîññòàíàâëèâàòü ïàðàìåòðû ïîäïîâåðõíîñò-
íîé ñðåäû ïî çàðåãèñòðèðîâàííûì ñèãíàëàì (îáðàòíàÿ çàäà÷à). Ïðåäëîæåí-
íûé àëãîðèòì îñíîâàí íà èñïîëüçîâàíèè àíàëèòè÷åñêèõ ðåøåíèé óðàâíåíèé
ãåîýëåêòðèêè â ÷àñòîòíîé îáëàñòè è ìåòîäà ïîñëîéíîãî ïåðåñ÷¼òà äëÿ äèñêðå-
òèçèðîâàííûõ ïðîôèëåé. Òàêàÿ ïîñòàíîâêà ïîçâîëÿåò ôîðìèðîâàòü îáó÷àþùèå
âûáîðêè äëÿ ïîñëåäóþùåãî ïðèìåíåíèÿ ãëóáîêèõ íåéðîííûõ ñåòåé è ìåòîäîâ
ìàøèííîãî îáó÷åíèÿ, à òàêæå îáåñïå÷èâàåò óñòîé÷èâîñòü ðåøåíèÿ ïðè íàëè-
÷èè øóìîâ. Â ðàáîòå ïðåäñòàâëåí êîìïëåêñíûé ïîäõîä ê äèàãíîñòèêå ïîäïî-
âåðõíîñòíîé ñòðóêòóðû àâòîìîáèëüíûõ äîðîã íà îñíîâå äàííûõ ãåîðàäàðíîãî
êîìïëåêñà ¾ÎÊÎ-2¿. Ðàçðàáîòàíû è ðåàëèçîâàíû àëãîðèòìû îáðàáîòêè ðàäà-
ðîãðàìì ñ èñïîëüçîâàíèåì ïîëîñîâîé ôèëüòðàöèè, âû÷èòàíèÿ ñðåäíåãî, âû-
äåëåíèÿ ñëî¼â ãåîôèçè÷åñêîé ñðåäû è ðàñ÷¼òà äèýëåêòðè÷åñêîé ïðîíèöàåìî-
ñòè ïî ñëîÿì. Äëÿ ïåðâè÷íîé îáðàáîòêè ñèãíàëîâ ïðèìåíÿåòñÿ ïðåîáðàçîâàíèå
Ãèëüáåðòà, ïîçâîëÿþùåå èäåíòèôèöèðîâàòü êîíòàêòíûå ãðàíèöû è ïîâûñèòü
òî÷íîñòü îïðåäåëåíèÿ ãëóáèííûõ íåîäíîðîäíîñòåé. Àëãîðèòì áûë ïðîòåñòèðî-
âàí íà äàííûõ ãåîðàäàðíîãî êîìïëåêñà ¾ÎÊÎ¿, ïîëó÷åííûõ ïðè îáñëåäîâàíèè
ó÷àñòêîâ àâòîìîáèëüíûõ äîðîã ñ ðàçëè÷íûìè òèïàìè ïîêðûòèé. Ðåçóëüòàòû
ïîêàçàëè âûñîêóþ âîñïðîèçâîäèìîñòü è ñîîòâåòñòâèå àïðèîðíûì èíæåíåðíûì
äàííûì. Ïðè èñïîëüçîâàíèè îáó÷åííîé íåéðîííîé ñåòè äîñòèãíóòà âîçìîæ-
íîñòü àâòîìàòèçèðîâàííîãî îïðåäåëåíèÿ õàðàêòåðèñòèê ñðåäû è ëîêàëèçàöèè
äåôåêòîâ ñ ìèíèìàëüíîé ïîãðåøíîñòüþ. Ðàçðàáîòàííûé àëãîðèòì ïðåäñòàâ-
ëÿåò ñîáîé êîìïëåêñíûé èíñòðóìåíò, îáúåäèíÿþùèé ìåòîäû ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ, îáðàáîòêè ñèãíàëîâ è èñêóññòâåííîãî èíòåëëåêòà. Åãî ïðèìå-
íåíèå ïîçâîëèò óëó÷øèòü êà÷åñòâî äèàãíîñòèêè äîðîæíîé îäåæäû, ïîâûñèòü
ýôôåêòèâíîñòü ìîíèòîðèíãà ñîñòîÿíèÿ èíôðàñòðóêòóðû, à òàêæå ñîçäàòü áà-
çó äëÿ èíòåãðàöèè äàííûõ ãåîðàäèîëîêàöèè â öèôðîâûå ìîäåëè óïðàâëåíèÿ
òðàíñïîðòíûìè ñèñòåìàìè. Â ïåðñïåêòèâå ìåòîä ìîæåò áûòü àäàïòèðîâàí äëÿ
äðóãèõ îáëàñòåé íåðàçðóøàþùåãî êîíòðîëÿ, âêëþ÷àÿ ýêîëîãè÷åñêèé ìîíèòî-
ðèíã è èíæåíåðíóþ ãåîôèçèêó.
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Ïðèìåíåíèå áàçèñíûõ âåêòîðíûõ ïîëåé â øàðå ïðè
ðåøåíèè êëàññè÷åñêèõ êðàåâûõ çàäà÷ äëÿ grad, rot, div

Êàçàíöåâ Ñ.Ã., Êàðäàêîâ Â.Á.
ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñêèé ãîñóäàðñòâåííûé àðõèòåêòóðíî-ñòðîèòåëüíûé
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Â ðàáîòàõ [1, 2, 3] áûëè ïîñòðîåíû áàçèñíûå âåêòîðíûå ïîëÿ â ïðîñòðàíñòâàõ
L2(B3) è H1

0(B3). Â íàñòîÿùåì äîêëàäå ðàññìàòðèâàþòñÿ íåêîòîðûå èçâåñòíûå
êðàåâûå çàäà÷è äëÿ óðàâíåíèé ñ îïåðàòîðàìè grad, rot, div è ïîëó÷åíû ðåøåíèÿ
â âèäå ðÿäîâ ïî ýòèì áàçèñíûì âåêòîðíûì ïîëÿì.
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Ëèíåéíûå îáðàòíûå çàäà÷è âðåìåííîãî
òèïà äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé

Êîæàíîâ À.È.
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ
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Îáðàòíûìè çàäà÷àìè âðåìåííîãî òèïà íàçûâàåì òàêèå çàäà÷è, â êîòîðûõ êî-
ýôôèöèåíò çàâèñèò ëèøü îò âðåìåííîé (âûäåëåííîé) ïåðåìåííîé. Â êà÷åñòâå
óñëîâèé ïåðåîïðåäåëåíèÿ â òàêèõ çàäà÷àõ â îñíîâíîì èñïîëüçóþòñÿ ëèáî óñëî-
âèÿ òî÷å÷íîãî ïåðåîïðåäåëåíèÿ, ëèáî óñëîâèÿ èíòåãðàëüíîãî ïî îáëàñòè ïå-
ðåîïðåäåëåíèÿ. Â ñëó÷àå, êîãäà ïðîñòðàíñòâåííûõ ïåðåìåííûõ áîëüøå îäíîé,
èíîãäà èñïîëüçóþòñÿ óñëîâèÿ èíòåãðàëüíîãî ïî ãðàíèöå ïåðåîïðåäåëåíèÿ.
Â íàñòîÿùåì äîêëàäå ïðåäëàãàþòñÿ íîâûå ïîñòàíîâêè îáðàòíûõ êîýôôèöèåíò-
íûõ çàäà÷ âðåìåííîãî òèïà � ïîñòàíîâêè, â êîòîðûõ èíòåãðàëüíûå óñëîâèÿ ïå-
ðåîïðåäåëåíèÿ çàäàþòñÿ íà ïðîèçâîëüíûõ ãëàäêèõ ìíîãîîáðàçèÿõ ðàçìåðíîñòè
áîëüøåé íóëåâîé, ëåæàùèõ â çàìûêàíèè îáëàñòè èçìåíåíèÿ ïðîñòðàíñòâåííûõ
ïåðåìåííûõ.
Äëÿ ïðåäëîæåííûõ çàäà÷ â ñëó÷àå ïàðàáîëè÷åñêèõ óðàâíåíèé óñòàíàâëèâàþòñÿ
òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé.

Äîêëàä ïîäãîòîâëåí ïðè ïîääåðæêå Ìàòåìàòè÷åñêîãî Öåíòðà â Àêàäåìãîðîäêå,
ñîãëàøåíèå � 075�15�2025�349 ñ Ìèíèñòåðñòâîì íàóêè è âûñøåãî îáðàçîâàíèÿ
Ðîññèéñêîé Ôåäåðàöèè.

Îáðàòíûå çàäà÷è äëÿ ïðîöåññà êîëåáàíèé ñèñòåìû ñòðóí

Êîíîâàëîâà Ä.Ñ.
ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

dsk@math.nsc.ru

Â äàííîì ñîîáùåíèè ðàññìàòðèâàþòñÿ íåêîòîðûå îáðàòíûå çàäà÷è, âîçíèêà-
þùèå ïðè èññëåäîâàíèè ïðîöåññà ïîïåðå÷íûõ êîëåáàíèé ñòðóííûõ ðåøåòîê.
Ïîä ñòðóííîé ðåøåòêîé ìû ïîäðàçóìåâàåì ñèñòåìó íåñêîëüêèõ ïåðåñåêàþùèõ-
ñÿ ñòðóí, ñêðåïëåííûõ ìåæäó ñîáîé â òî÷êàõ ïåðåñå÷åíèÿ. Áîëåå ïîäðîáíî â
äîêëàäå áóäóò îïèñàíû îáðàòíûå çàäà÷è äëÿ ñèñòåì, ñîñòîÿùèõ âñåãî èç äâóõ
ñòðóí.
Ðàíåå, â ðàáîòå [1], áûëà ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü äàííîãî ïðîöåññà
è èññëåäîâàëàñü ñîîòâåòñòâóþùàÿ ïðÿìàÿ çàäà÷à. Â ýòîé ðàáîòå äîêàçàíà òåî-
ðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ, äëÿ ðåøåíèÿ ïîñòðîåíû ÿâíûå
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ôîðìóëû. Ðåçóëüòàòû, ïîëó÷åííûå â [1], ïîçâîëèëè ïåðåéòè ê ðàññìîòðåíèþ ðÿ-
äà îáðàòíûõ çàäà÷ äëÿ ñèñòåìû äâóõ ñòðóí. Áîëåå êîíêðåòíî, ìû ïðåäïîëàãàåì,
÷òî èçíà÷àëüíî ñèñòåìà íàõîäèòñÿ â ïîêîå, ëèáî êîëåáëåòñÿ ïîä âîçäåéñòâèåì
èçâåñòíûõ íà÷àëüíûõ äàííûõ. Ïðè ýòîì åñòåñòâåííî ñ÷èòàòü, ÷òî ëèøü ÷àñòü
ñèñòåìû äîñòóïíà äëÿ íàáëþäåíèÿ. Ïðåäïîëàãàåòñÿ, ÷òî â íåêîòîðûé ìîìåíò
âðåìåíè íà ýòó ÷àñòü ñèñòåìû âîçäåéñòâóåò âíåøíèé íåèçâåñòíûé èñòî÷íèê è
çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè ìåñòîïîëîæåíèÿ ýòîãî èñòî÷íèêà.
Â äîêëàäå áóäåò ïðåäñòàâëåí àëãîðèòì ðåøåíèÿ äàííîé îáðàòíîé çàäà÷è, à
òàêæå áóäóò îáñóæäàòüñÿ äðóãèå îáðàòíûå çàäà÷è òàêîãî òèïà.
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Âåðîÿòíîñòíîå ïðîãíîçèðîâàíèå äèíàìèêè òóáåðêóëåçà â
ðåãèîíàõ Ðîññèéñêîé Ôåäåðàöèè

Êðèâîðîòüêî Î.È.1,2, Íåâåðîâ À.Â.1, Êàìèíñêèé Ã.Ä.2,3, Øâàðö ß.Ø.4
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Íåñìîòðÿ íà ïîëîæèòåëüíóþ äèíàìèêó ëå÷åíèÿ òóáåðêóëåçà (ÒÁ), âîçíèêíîâå-
íèå óñòîé÷èâûõ ê ëå÷åíèþ ôîðì, à òàêæå êî-èíôåêöèè ñ äðóãèìè ñîöèàëüíî-
çíà÷èìûìè çàáîëåâàíèÿìè â ïîñëåäíåå âðåìÿ ðàñòåò. Äëÿ ïîñòðîåíèÿ ñöåíàðèåâ
ðàçâèòèÿ ÒÁ â ðåãèîíàõ ÐÔ òðåáóåòñÿ ó÷èòûâàòü ãåòåðîãåííîñòü åãî ðàñïðî-
ñòðàíåíèÿ [1], à òàêæå áîëüøîé ïðîöåíò ìíîæåñòâåííî-ëåêàðñòâåííî óñòîé÷è-
âûõ ôîðì ÒÁ (ÌËÓ-ÒÁ) â ðåãèîíàõ ÐÔ ñðåäè âïåðâûå âûÿâëåííûõ.
Íà îñíîâå ïðèíöèïîâ ïåðåäà÷è è âûÿâëåíèÿ èíôåêöèè, îòðàæåííûõ â ìîäåëÿõ
Ìàð÷óêà Ã.È. [2] è Ðîìàíþõè À.À. [3] äîêëàäå ïðåäëîæåíà íîâàÿ ìîäåëü äèíà-
ìèêè òóáåðêóëåçà ñ ó÷åòîì ÌËÓ, ó÷èòûâàþùàÿ âûÿâëåíèå èíôèöèðîâàííûõ
ëèö ñ áàêòåðèîâûäåëåíèåì (ÁÊ+) è áåç íåãî (ÁÊ-). Ìîäåëü ÿâëÿåòñÿ ðàñøè-
ðåíèåì ìîäåëè 2018 ãîäà [4] è îïèñûâàåòñÿ ñèñòåìîé äåâÿòè íåëèíåéíûõ îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îáúåäèíåííûõ çàêîíîì äåéñòâóþùèõ
ìàññ è êîíòðîëèðóåìûõ äåñÿòüþ ýïèäåìèîëîãè÷åñêèìè ïàðàìåòðàìè (Ðèñ. 1).
Ïîëó÷åíû óñëîâèÿ óñòîé÷èâîñòè ðàâíîâåñíûõ ñîñòîÿíèé ñèñòåìû è ïðîâåäåí
àíàëèç èäåíòèôèöèðóåìîñòè ìîäåëè íà îñíîâå ÷óâñòâèòåëüíîñòè ñ èñïîëüçî-
âàíèåì ìåòîäà Ñîáîëÿ. Äëÿ ïîëó÷åíèÿ ðàñïðåäåëåíèÿ ïàðàìåòðîâ ìîäåëè, à
òàêæå ïîñòðîåíèÿ âåðîÿòíîñòíîãî ïðîãíîçà ñ ó÷åòîì íåîïðåäåëåííîñòè èñïîëü-
çóåòñÿ áàéåñîâñêèé ïîäõîä MCMC (Markov Chain Monte Carlo). Ïðîâåäåíà âàëè-
äàöèÿ ðåøåíèé íà èñòîðè÷åñêèõ äàííûõ è ïîëó÷åíû ñöåíàðèè ðàñïðîñòðàíåíèÿ
ýïèäåìèè ÒÁ â Íîâîñèáèðñêîé îáëàñòè è ðåñïóáëèêå Òûâà.
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Ðèñ. 1: Ñõåìà ìîäåëè äèíàìèêè òóáåðêóëåçà, îñíîâàííàÿ íà çàêîíå áàëàíñà
ìàññ.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Èíñòèòóòà ìàòåìà-
òèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, ïðîåêò FWNF-2024-0002.
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Êîýôôèöèåíòíûå îáðàòíûå çàäà÷è äëÿ
ïñåâîãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ íåëîêàëüíûìè

óñëîâèÿìè

Êóðìàíáàåâà À.Ê.
Êûðãûçñêî-Ðîññèéñêèé Ñëàâÿíñêèé óíèâåðñèòåò èì.Åëüöèíà, Áèøêåê, Êûðãûçñòàí

ainura1971@mail.ru

Â îáëàñòè ΩT = {(x, t)|0 < x < π, 0 < t ≤ T} ðàññìîòðèì ïñåâäîãèïåðáîëè÷åñêîå
óðàâíåíèå

∂2u

∂t2
= a(t)

(
∂3u

∂x2∂t
+
∂2u

∂x2

)
+ f(x, t), (1)

ñ íåèçâåñòíûì êîýôôèöèåíòîì a(t), íà÷àëüíûìè óñëîâèÿìè
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u(x, 0) = φ(x),
∂u

∂t
(x, 0) = ψ(x), 0 ≤ x ≤ π (2)

è íåëîêàëüíûìè ãðàíè÷íûìè óñëîâèÿìè

u(0, t) = u(π, t), ux(π, t) = µ2(t), 0 ≤ t ≤ T, (3)

è óñëîâèåì ïåðåîïðåäåëåíèåì

a(t)

(
∂2u

∂x∂t
+
∂u

∂x

)
u(0, t) = µ3(t), 0 ≤ t ≤ T, (4)

Òðåáóåòñÿ îïðåäåëèòü ïàðó ôóíêöèé {u(x, t), a(t)}.
Îáðàòíûå çàäà÷è äëÿ ïñåâäîãèïåðáîëè÷åñêèõ óðàâíåíèé èçó÷àëèñü ìíîãèìè àâ-
òîðàìè. Áîëåå ïîäðîáíóþ èíôîðìàöèþ ìîæíî íàéòè â ðàáîòå [1]. Ñïðàâåäëèâà
Òåîðåìà Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) ϕ ∈ C2[0, π], ψ ∈ C1[0, π], µi(t) ∈ C2[0, T ], i = 1, 2, f ∈ C(1,0)(Ω̄T ),
2) ϕ(0) = ϕ(π), ψ(π) = µ′

2(0).
Êðîìå òîãî, ïóñòü ôóíêöèÿ µ3(t) ∈ C2[0, T ] è óäîâëåòâîðÿþò ñëåäóþùèì óñëî-
âèÿì ñîãëàñîâàíèÿ:

µ′′
1(t)

µ3(t)

φ′(0)
(ψ′′(0) + φ′(0)) + f(0, 0), µ′′

2(0)
µ3(0)

φ′(π)
(ψ′′(ρ) + φ′(π)) + f(h, 0),

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáðàòíîé çàäà÷è (1)-(4).
Çàìå÷àíèå. Àíàëîãè÷íûì îáðàçîì ìîãóòü áûòü èññëåäîâàíû äðóãèå êîýôôè-
öèåíòíûå îáðàòíûå çàäà÷è ñ äðóãèìè íåëîêàëüíûìè èññëåäîâàíèÿìè.
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Îáðàòíûå çàäà÷è îïðåäåëåíèÿ ÿäðà â
ïñåâäîïàðàáîëè÷åñêîì óðàâíåíèè

Àáëàáåêîâ Á.Ñ., Ìàòàíîâà Ê.Á
Êûðãûçñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Æ.Áàëàñàãûíà,
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Â îáëàñòè ΩT = {(x, t) : 0 < x < 1, 0 < t ≤ T} òðåáóåòñÿ íàéòè ôóíêöèè
{u(x, t), K(t)}, óäîâëåòâîðÿþùèå óðàâíåíèþ

ut(x, t)− uxxt(x, t)− uxx(x, t) =

t∫
0

K(t− s)uxx(x, s)ds+ f(x, t), (x, t) ∈ ΩT , (1)
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íà÷àëüíîìó, êðàåâûì è äîïîëíèòåëüíîìó óñëîâèÿì

u(x, 0) = φ(x), 0 ≤ x ≤ 1, (2)

u(0, t) = µ1(t), u(1, t) = µ2(t), t ∈ [0, T ], (3)

u(x0, t) = g(t), t ∈ [0, T ], x0 ∈ (0, 1), (4)

ãäå f(x, t), φ(x), g(t) - çàäàííûå ôóíêöèè.
Îáðàòíàÿ çàäà÷à (1)-(4) èññëåäóåòñÿ ìåòîäîì èíòåãðàëüíûõ óðàâíåíèé Âîëü-
òåððà [1, 2, 3]. ñ èñïîëüçîâàíèåì ôóíêöèè Ãðèíà G(x, ξ) ïåðâîé êðàåâîé çàäà÷è
äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ [4].
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Ìîäåëü ðàöèîíàëüíî-îïòèìèñòè÷íîé ïîïóëÿöèè â ïåðèîä
âñïûøêè ýïèäåìèè

Íåâåðîâ À.Â., Êðèâîðîòüêî Î.È.
ÍÒÓ ¾Ñèðèóñ¿, Ñî÷è, Ðîññèÿ
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Â ðàáîòå ñôîðìóëèðîâàíà ìîäåëü ýïèäåìèè, îñíîâàííàÿ íà êàìåðíîì ïîäõîäå
SIR-ìîäåëè [1] è òåîðåòèêî-èãðîâîì ïîäõîäå èãð ñðåäíåãî ïîëÿ (ÈÑÏ) [2].
Â ìîäåëè ïðåäïîëàãàåòñÿ, ÷òî âñå ëþäè (èãðîêè) â ïîïóëÿöèè îäèíàêîâî ïîä-
âåðæåíû çàáîëåâàíèþ, îäíàêî èìåþò ðàçëè÷íûå íà÷àëüíûå ïðåäñòàâëåíèÿ î
ìåðàõ ïðåäîñòîðîæíîñòè âî âðåìÿ âñïûøêè ýïèäåìèè. Èõ ðàöèîíàëüíîñòü çà-
êëþ÷àåòñÿ â îïòèìèçàöèè ñîáñòâåííîé �öåíû� çà ñàìîèçîëÿöèþ è âîçìîæíîñòè
çàðàçèòüñÿ. Â òî æå âðåìÿ îïòèìèñòè÷íîñòü èãðîêîâ çàêëþ÷àåòñÿ â îæèäà-
íèè, ÷òî ïðåäïðèíÿòûõ èìè ìåð áóäåò äîñòàòî÷íî, ñëåäîâàòåëüíî îíè îñòàíóò-
ñÿ çäîðîâû âïëîòü äî êîíöà ìîäåëèðîâàíèÿ. Ìîäåëü õàðàêòåðèçóåòñÿ ñèñòåìîé
óðàâíåíèé òèïà Êîëìîãîðîâà-Ôîêêåðà-Ïëàíêà è Ãàìèëüòîíà-ßêîáè-Áåëëìàíà,
îïèñûâàþùèå äèíàìèêó ðàñïðåäåëåíèÿ èãðîêîâ è îïòèìàëüíóþ ñòîèìîñòü èõ
�èãðû�, ñîîòâåòñòâåííî.
Äëÿ ïîñòðîåííîé ìîäåëè ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû äëÿ ðàçëè÷íûõ
ïîñòàíîâîê ôóíêöèîíàëà ñòîèìîñòè äëÿ èãðîêîâ, ïðèâîäÿùèõ ê ðàçëè÷íîìó
ïîâåäåíèþ èãðîêîâ âî âðåìÿ ýïèäåìèé è ñöåíàðèÿì âñïûøêè [3].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 23-
71-10068).
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Èäåè Ã.È. Ìàð÷óêà è àëãîðèòìû óñâîåíèÿ äàííûõ íà
îñíîâå àíñàìáëåé ðåøåíèé ñîïðÿæ¼ííûõ óðàâíåíèé
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Â ðàáîòå [1] ïðåäëîæåí ïîäõîä ê êîíñòðóèðîâàíèþ ÷èñëåííûõ àëãîðèòìîâ ðå-
øåíèÿ îáðàòíûõ çàäà÷, ñîñòîÿùèé â ïîëó÷åíèè äëÿ êàæäîãî ýëåìåíòà äàííûõ
ñîîòíîøåíèÿ ÷óâñòâèòåëüíîñòè íà îñíîâå ñîïðÿæåííîãî óðàâíåíèÿ ñ ïîñëåäó-
þùèì îáúåäèíåíèåì ïîëó÷èâøèõñÿ ñîîòíîøåíèé â ñèñòåìó. Ôóíêöèè ÷óâñòâè-
òåëüíîñòè ìîæíî àãðåãèðîâàòü â îïåðàòîð ÷óâñòâèòåëüíîñòè è ðåøàòü ïîëó÷åí-
íîå ñ åãî ïîìîùüþ ñåìåéñòâî êâàçèëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé àëãîðèò-
ìàìè òèïà Íüþòîíà-Êàíòîðîâè÷à. Ââåäåíèå ñèñòåìû ôóíêöèé ïðîåêòèðîâàíèÿ
äàííûõ (èçâëå÷åíèÿ õàðàêòåðíûõ îñîáåííîñòåé) ïîçâîëÿåò êîíòðîëèðîâàòü ðàç-
ìåðíîñòü ðåøàåìûõ óðàâíåíèé è ôèëüòðîâàòü øóì.
Ìû ðàçâèâàåì ïîäõîä íà îñíîâå îïåðàòîðîâ ÷óâñòâèòåëüíîñòè è àíñàìáëåé ðå-
øåíèé ñîïðÿæ¼ííûõ óðàâíåíèé â ïðèëîæåíèè ê ìíîãîêîìïîíåíòíûì ìíîãîìåð-
íûì ìîäåëÿì ïðîöåññîâ àäâåêöèè-äèôôóçèè-ðåàêöèè. Áëàãîäàðÿ àíñàìáëåâîé
ñòðóêòóðå, àëãîðèòìû åñòåñòâåííûì îáðàçîì ðàñïàðàëëåëèâàþòñÿ. Ýòî ïîçâî-
ëÿåò ðàáîòàòü ñ òðåõìåðíûìè ìîäåëÿìè ïåðåíîñà è òðàíñôîðìàöèè ïðèìåñåé â
ðåàëèñòè÷íûõ ¾ãîðîäñêèõ¿ è ¾ðåãèîíàëüíûõ¿ ñöåíàðèÿõ îöåíêè êà÷åñòâà âîç-
äóõà ïî äàííûì èçìåðåíèé [2]. Ïðè èñïîëüçîâàíèè ñîîòâåòñòâóþùèõ ñîïðÿæåí-
íûõ óðàâíåíèé ìîæíî ðàáîòàòü ñ íåëèíåéíûìè îïåðàòîðàìè èçìåðåíèé, íà-
ïðèìåð, äëÿ àíàëèçà äàííûõ äèñòàíöèîííîãî çîíäèðîâàíèÿ [3]. Ðàçðàáîòàííûå
àëãîðèòìû ðåøåíèÿ îáðàòíûõ çàäà÷ ïðèìåíÿþòñÿ â êà÷åñòâå îñíîâû äëÿ ðåøå-
íèÿ çàäà÷ óñâîåíèÿ äàííûõ, êîãäà íîâûå äàííûå èçìåðåíèé ïîñòóïàþò â õîäå
ìîäåëèðîâàíèÿ.
Îïåðàòîðû ÷óâñòâèòåëüíîñòè ïîçâîëÿþò îöåíèâàòü èíôîðìàòèâíîñòü äàííûõ
è òàêæå ðàçðàáàòûâàòü ãèáðèäíûå àëãîðèòìû óòî÷íåíèÿ ðåøåíèé îáðàòíûõ
çàäà÷, âêëþ÷àþùèå ìåòîäû ìàøèííîãî îáó÷åíèÿ. Äëÿ ýòîãî ìîæíî èñïîëüçî-
âàòü àïðèîðíóþ èíôîðìàöèþ î ñòðóêòóðå ôóíêöèè èñòî÷íèêîâ è ñâîéñòâà îïå-
ðàòîðà ÷óâñòâèòåëüíîñòè îáðàòíîé çàäà÷è, ïîçâîëÿþùèå îöåíèòü àðòåôàêòû
îòîáðàæåíèÿ ¾èñòèííîãî¿ ðåøåíèÿ íà ðåçóëüòàò åãî âîññòàíîâëåíèÿ ñ ñîîòâåò-
ñòâóþùåé êîððåêöèåé [4].
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Îáðàòíûå è íåêîððåêòíûå çàäà÷è ìíîãîëåòíåé ìåðçëîòû
ïðè ïîòåïëåíèè êëèìàòà
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Â íàñòîÿùåå âðåìÿ, â ñâÿçè ñ ïîòåïëåíèåì êëèìàòà, â êðèîëèòîçîíå îñòðî ñòî-
ÿò âîïðîñû, êîòîðûå ñâÿçàíû ñ îáðàòíûìè è íåêîððåêòíûìè çàäà÷àìè îêðó-
æàþùåé ñðåäû. Ñåçîííîå ïðîìåðçàíèå-ïðîòàèâàíèå ãðóíòîâ, óñòîé÷èâîñòü è
ñîõðàííîñòü èíæåíåðíûõ ñîîðóæåíèé ñîçäàþò íîâûå ïðîáëåìû â ýòèõ óñëî-
âèÿõ. Ïðîöåññ ïðîòàèâàíèÿ ìíîãîëåòíåé ìåðçëîòû, ìèãðàöèÿ âîäû è äåôîðìà-
öèÿ ãðóíòà îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé [1], êîòîðàÿ çàìûêàåòñÿ óðàâíåíè-
åì êîëè÷åñòâà íåçàìåðçøåé âîäû Wíâ = Wíâ(T,W ). Ïðè ÷èñëåííîì ðåøåíèè
ýòîé ñèñòåìû â êðèîëèòîçîíå ñòîëêíóëèñü ñ íåîïðåäåëåííîñòüþ òåïëîôèçè÷å-
ñêèõ è ìàññîîáìåííûõ õàðàêòåðèñòèê ïðîìåðçàþùèõ-ïðîòàèâàþùèõ ãðóíòîâ,
à òàêæå ñ ïðîáëåìîé çàäàíèÿ ãðàíè÷íûõ óñëîâèé âëàæíîñòè íà ôðîíòå ôà-
çîâîãî ïåðåõîäà [2]. Èñõîäíûå ïàðàìåòðû (òåïëîôèçè÷åñêèå, ìàññîîáìåííûå
è íàïðÿæåííî-äåôîðìàöèîííûå) çàâèñÿò îò ñîñòîÿíèÿ ïîðîâîé âîäû ãðóíòà,
ñâÿçü îñóùåñòâëÿåòñÿ ÷åðåç ôóíêöèþ êîëè÷åñòâà íåçàìåðçøåé âîäû. Ôóíêöèÿ
îò òåìïåðàòóðû îïèñûâàåò ðåàëüíûé ïðîöåññ ïðîìåðçàíèÿ-ïðîòàèâàíèÿ ãðóí-
òà, êîòîðàÿ îïðåäåëÿåòñÿ ïàðàìåòðàìè äèñïåðñíîñòè, çàñîëåííîñòè, çàãðÿçí¼í-
íîñòè è äàâëåíèÿ ãðóíòà. Óêàçàííûå ïàðàìåòðû èìåþò âèä: òåïëîôèçè÷åñêèå:
λ(T,w, ρ) = λì − (λì − λò)

Wíâ(T )−wïñ

w−wïñ

, c = cýô = cñê + cëw + (câ − cë)Wíâ(T ) +

L∂Wíâ(T )
∂T

; ìàññîîáìåííûå: kô(T, P, wâ, wë) = kô,ò(T, P,Wâ(T ))e
b·wë ; ïàðàìåòðû

íàïðÿæåíèÿ: µ1(T ) = E(T )
2(1+v)

, µ2(T ) = vE(T )
(1+v)(1−2v)

, E(T ) =
Eë(w̄−Wíâ(T ))

ρãð
ρë

+Eãð

(w̄−Wíâ(T ))
ρãð
ρë

+1
, ãäå

µ1(T ), µ2(T ) � ïàðàìåòðû Ëàìå; E(T ) � ìîäóëü óïðóãîñòè; v � êîýôôèöèåíò
Ïóàññîíà; ρãð, ρë, ρâ � ïëîòíîñòü ãðóíòà, ëüäà, âîäû. Âîññòàíîâëåíèå ôóíêöèè
êîëè÷åñòâà íåçàìåðçøåé âîäû è êîýôôèöèåíòà äèôôóçèè ïðèâåäåíû â ðàáîòå
[1].
Ïðè ïîòåïëåíèè êëèìàòà ñ ó÷åòîì è áåç ó÷åòà èíñîëÿöèè óñèëèâàåòñÿ ïðîöåññ
ïðîòàèâàíèÿ ãðóíòà, óâåëè÷èâàåòñÿ ïîäâèæíîñòü íåçàìåðçøåé âîäû, êîòîðûé
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ñîïðîâîæäàåòñÿ ïó÷åíèåì è ïðîñàäêîé ïîëîòíà æåëåçíîé äîðîãè. Ðàññìàòðèâà-
þòñÿ äâà ñöåíàðèÿ: â ïåðâîì áåç èçìåíåíèÿ ñðåäíåãîäîâîé òåìïåðàòóðû âîçäó-
õà ðàâíîé ìèíóñ 10 è âòîðîì � ïðè ïîòåïëåíèè êëèìàòà íà 4. Â ïåðâîì ñëó÷àå
íàáëþäàåòñÿ ïðîöåññ ïó÷åíèÿ ïîëîòíà, ÷òî ñâÿçàíî ñî ñòàáèëèçàöèåé òåìïåðà-
òóðíîãî ðåæèìà è ìíîãîãîäè÷íîé ìèãðàöèåé âëàãè ê ôðîíòó ïðîìåðçàíèÿ. Âî
âòîðîì ñëó÷àå â ïåðâûå ãîäû (10 ëåò) ïðîõîäèò ïðîñàäêà çà ñ÷åò ïðîòàèâàíèÿ
âåðõíèõ ñëîåâ ïîëîòíà, à â ïîñëåäóþùèå ãîäû (30 è 50 ëåò), íàîáîðîò, ïó÷åíèå
çà ñ÷åò ïðîìåðçàíèÿ ìèãðàöèîííîé âîäû â íèæíåì ñëîå. ×èñëåííûì ìîäåëè-
ðîâàíèåì óñòàíîâëåíî, ÷òî ïîäçåìíûé òðóáîïðîâîä äâàæäû â ãîä ìåíÿåò ñâîå
ïîëîæåíèå â ìîìåíòû çàìåðçàíèÿ è îòòàèâàíèÿ. Äîñòîâåðíîñòü ïðîâåðåíà ìå-
òîäîì ïëàíîâî-âûñîòíîãî èçìåðåíèÿ ìàãèñòðàëüíîãî ãàçîïðîâîäà íà ó÷àñòêàõ
ñî ñëîæíûìè äåôîðìàöèÿìè. Ïðè ôîðìèðîâàíèè çèìíåãî âëàæíîñòíîãî ïîëÿ
âàæíóþ ðîëü èãðàþò îñåííèå äîæäè, êîòîðûå óñèëèâàþò ïîäòÿãèâàíèå íåçà-
ìåðçøåé âîäû ê ôðîíòó ïðîìåðçàíèÿ è îáðàçóþò èçáûòî÷íîå äàâëåíèå. Çà ñ÷åò
òåïëà, êîòîðîå àêêóìóëèðîâàëîñü â ëåòíèå ìåñÿöû, â íèæíåé ÷àñòè äåÿòåëüíîãî
ñëîÿ ãðóíòà èäåò ïðîöåññ ïðîòàèâàíèÿ. Ñîâìåñòíîå âîçäåéñòâèå ìèãðàöèîííûõ
è ïàâîäêîâûõ âîä ôîðìèðóåò çîíó ïîâûøåííîé âëàæíîñòè, ÷òî íà ôîíå íèçêèõ
òåìïåðàòóð ïðèâîäèò ê òåðìîàáðàçèè, ðàçìûâó è ðàçðóøåíèþ áåðåãîâ, íåãà-
òèâíî âîçäåéñòâóÿ íà ÏÒÑ. Âåðèôèêàöèÿ ïàðàìåòðîâ ìîäåëè, èñïîëüçóÿ ñîâðå-
ìåííûå ìåòîäû ðåøåíèÿ íåêîððåêòíûõ çàäà÷, ðàñøèðÿåò îáëàñòü ÷èñëåííîãî
ðàñ÷åòà, ïîâûøàåò äîñòîâåðíîñòü è òî÷íîñòü ìîäåëèðîâàíèÿ [1, 2, 3].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà �23-61-
10032.
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Îáðàòíàÿ çàäà÷à äëÿ íåëèíåéíûõ óðàâíåíèé
ýëåêòðîäèíàìèêè

Ðîìàíîâ Â.Ã.
Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

romanov@math.nsc.ru

Èçó÷àåòñÿ îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèé ýëåêòðîäèíàìèêè, â êîòîðûõ ýëåê-
òðè÷åñêàÿ ïðîâîäèìîñòü ñðåäû íåëèíåéíî çàâèñèò îò ýëåêòðè÷åñêîãî íàïðÿæå-
íèÿ. Ýòà çàâèñèìîñòü îïðåäåëÿåòñÿ ñåìüþ ôèíèòíûìè ôóíêöèÿìè òð¼õ ïðî-
ñòðàíñòâåííûõ ïåðåìåííûõ. Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îòûñêàíèè ýòèõ
ôóíêöèé. Äëÿ ýòîãî ðàññìàòðèâàåòñÿ ïðÿìàÿ çàäà÷à î ïàäåíèè ðàñïðîñòðàíÿ-
þùåéñÿ èç áåñêîíå÷íîñòè ïëîñêîé âîëíû, áåãóùåé â íåêîòîðîì íàïðàâëåíèè
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è ïàäàþùåé íà íåîäíîðîäíîñòü, îòâå÷àþùóþ íåëèíåéíîé ïðîâîäèìîñòè, ëîêà-
ëèçîâàííîé â øàðå B. Âêà÷åñòâå èíôîðìàöèè äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è,
çàäà¼òñÿ ñëåä ðåøåíèÿ ïðÿìîé çàäà÷è íà ãðàíèöå øàðà B äëÿ ðàçëè÷íûõ íà-
ïðàâëåíèé ïàäàþùåé íà B âîëíû è äëÿ ìîìåíòîâ âðåìåíè áëèçêèõ ê ïðèõîäó
ôðîíòà âîëíû íà ãðàíèöó B. Ïîêàçàíî, ÷òî ðåøåíèå îáðàòíîé çàäà÷è ñâîäèòñÿ ê
ñåìè îòäåëüíûì çàäà÷àì. Îäíà èç íèõ ÿâëÿåòñÿ îáû÷íîé çàäà÷åé ðåíòãåíîâñêîé
òîìîãðàôèè, ìåòîäû ðåøåíèÿ êîòîðîé õîðîøî èçâåñòíû, 6 äðóãèõ çàäà÷ ïîäîá-
íû äðóã äðóãó è ÿâëÿþòñÿ çàäà÷àìè èíòåãðàëüíîé ãåîìåòðèè, îíè çàêëþ÷àþòñÿ
â îòûñêàíèè ôóíêöèè ÷åðåç èíòåãðàëû îò íå¼ ïî ñåìåéñòâå âñåâîçìîæíûõ ïðÿ-
ìûõ ëèíèé ñ çàäàííîé âåñîâîé ôóíêöèåé. Ïîñëåäíÿÿ çàäà÷à èçó÷åíà è íàéäåíà
îöåíêà óñòîé÷èâîñòè å¼ ðåøåíèÿ.

Ðåêîíñòðóêöèÿ âåêòîðíûõ ïîëåé â R3 ïî çíà÷åíèÿì
íîðìàëüíîãî, ïðîäîëüíûõ è âåñîâûõ ïðåîáðàçîâàíèé

Ðàäîíà.

Ñâåòîâ È.Å., Ïîëÿêîâà À.Ï.
ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

svetovie@math.nsc.ru, apolyakova@math.nsc.ru

Ïëîñêîñòü Ps,ξ â R3 çàäàåòñÿ íîðìàëüíûì óðàâíåíèåì (ξ · x) − s = 0, ãäå
ξ = (ξ1, ξ2, ξ3) � åäèíè÷íûé íîðìàëüíûé âåêòîð ïëîñêîñòè, à s � ðàññòîÿíèå (ñî
çíàêîì) îò íà÷àëà êîîðäèíàò äî ïëîñêîñòè. Ïóñòü e1 = (e11, e

1
2, e

1
3), e

2 = (e21, e
2
2, e

2
3)

� åäèíè÷íûå âçàèìíî îðòîãîíàëüíûå âåêòîðû, êîìïëàíàðíûå ïëîñêîñòè Ps,ξ.
Äëÿ âåêòîðà ξ òàêæå áóäåò èñïîëüçîâàòüñÿ îáîçíà÷åíèå e0. Áóäåì ðàññìàòðè-
âàòü îáîáùåííûå ïðåîáðàçîâàíèÿ ÐàäîíàRk, k = 0, 1, 2 èWk

l , k = 0, 1, 2, l = 1, 2,
äåéñòâóþùèå íà âåêòîðíîå ïîëå v(x). Ýòè îïåðàòîðû çàäàþòñÿ ôîðìóëàìè

Rkv(s, ξ) =

∫
Ps,ξ

(ek · v(x))dx, Wk
l v(s, ξ) =

∫
Ps,ξ

(x · el)(ek · v(x))dx.

Îïåðàòîð R0 íàçûâàåòñÿ íîðìàëüíûì ïðåîáðàçîâàíèåì Ðàäîíà, à R1,R2 � ïðî-
äîëüíûå ïðåîáðàçîâàíèÿ Ðàäîíà. Â îòëè÷èå îò Rk, k = 0, 1, 2 â îïðåäåëåíèè îïå-
ðàòîðîâ Wk

l , k = 0, 1, 2, l = 1, 2 â ïîäûíòåãðàëüíîì âûðàæåíèè ïðèñóòñòâóåò
âåñ (x · el), ïîýòîìó îíè íàçûâàþòñÿ âåñîâûìè ïðåîáðàçîâàíèÿìè Ðàäîíà.
Â ðàáîòå [1] ïðåäëîæåí ïîäõîä ê âîññòàíîâëåíèþ òð¼õìåðíîãî âåêòîðíîãî ïîëÿ,
èñïîëüçóþùèé â êà÷åñòâå èñõîäíîé èíôîðìàöèè ñîâìåñòíûå èçìåðåíèÿ ýëåê-
òðîìàãíèòíûõ è àêóñòè÷åñêèõ ñèãíàëîâ (ìàãíèòíî-àêóñòî-ýëåêòðè÷åñêàÿ òîìî-
ãðàôèÿ). Ìàòåìàòè÷åñêîé ìîäåëüþ òàêèõ èçìåðåíèé ñëóæàò ïðîäîëüíûå è âå-
ñîâûå ïðåîáðàçîâàíèÿ Ðàäîíà. Äëÿ ðåøåíèÿ çàäà÷è íåîáõîäèìû çíà÷åíèÿ âñåõ
ïðîäîëüíûõ è îäíîãî âåñîâîãî ïðåîáðàçîâàíèÿ Ðàäîíà. Àëãîðèòì, ïðåäëîæåí-
íûé â [2], íàïðàâëåí íà ïîëíîå âîññòàíîâëåíèå âåêòîðíîãî ïîëÿ â Rn. Äëÿ âîñ-
ñòàíîâëåíèÿ åãî ïîòåíöèàëüíîé ÷àñòè íåîáõîäèìî îïèðàòüñÿ íà ðåçóëüòàò ïðåä-
âàðèòåëüíîãî âîññòàíîâëåíèÿ ñîëåíîèäàëüíîé ÷àñòè ðàññìàòðèâàåìîãî âåêòîð-
íîãî ïîëÿ. Â ñòàòüå [3] ïðåäëîæåí äðóãîé ïîäõîä, ïîçâîëÿþùèé âîññòàíàâëè-
âàòü íåçàâèñèìî êàæäóþ èç ÷àñòåé âåêòîðíîãî ïîëÿ. Èìåííî, ñ èñïîëüçîâàíèåì

24



ïîëó÷åííîãî äåòàëüíîãî ðàçëîæåíèÿ âåêòîðíûõ ïîëåé óñòàíîâëåíû ñâÿçè áåç-
âåñîâûõ Rk, k = 0, 1, 2 è âåñîâûõ ïðåîáðàçîâàíèé ÐàäîíàWk

l , k = 0, 1, 2, l = 1, 2,
äåéñòâóþùèõ íà âåêòîðíûå ïîëÿ, è ïðåîáðàçîâàíèÿ ÐàäîíàR, äåéñòâóþùåãî íà
ôóíêöèè. Â ÷àñòíîñòè, îïèñàíû ÿäðà òîìîãðàôè÷åñêèõ èíòåãðàëüíûõ îïåðàòî-
ðîâ, äåéñòâóþùèõ íà âåêòîðíûå ïîëÿ. Äîïîëíèòåëüíî ïîêàçàíî, ÷òî âåêòîðíîå
ïîëå v ìîæåò áûòü âîññòàíîâëåíî ïî ñëåäóþùèì íàáîðàì äàííûõ:

{R1v,R2v,W1
1v}, {R1v,R2v,W2

2v}, {R2v,W2
1v,W2

2v}, {R0v,W0
1v,W0

2v}.

Â äîêëàäå ïîêàçàíî, ÷òî äëÿ ïîëíîãî âîññòàíîâëåíèÿ âåêòîðíîãî ïîëÿ v ìîæíî
ðàññìàòðèâàòü è äðóãèå âàðèàíòû íàáîðîâ èñõîäíûõ äàííûõ:

{R0v,R1v,W0
2v}, {R0v,R1v,W1

1v}, {R0v,R2v,W0
1v}, {R0v,R2v,W2

1v},
{R2v,W2

2v,W0
1v}, {R2v,W2

1v,W1
1v}, {R0v,W0

1v,W1
1v}, {R0v,W0

2v,W2
1v}.

Ïðåäëîæåíû è ÷èñëåííî ðåàëèçîâàíû àëãîðèòìû ïî âîññòàíîâëåíèþ âåêòîð-
íîãî ïîëÿ äëÿ âñåõ ïåðå÷èñëåííûõ ïîñòàíîâîê çàäà÷ âåêòîðíîé òîìîãðàôèè.
Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçàëè õîðîøèå ðåçóëüòàòû âîññòàíîâëåíèÿ
âåêòîðíûõ ïîëåé.
Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÌ ÑÎ ÐÀÍ (ïðîåêò FWNF-

2022-0009).
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Ðåøåíèå îáðàòíîé êîýôôèöèåíòíîé çàäà÷è äëÿ óðàâíåíèé
Ñåí-Âåíàíà ñ èñïîëüçîâàíèåì

ôèçè÷åñêè-èíôîðìèðîâàííîé íåéðîííîé ñåòè

Ñòðèæàê Ñ.Â., Êîøåëåâ Ê.Á.
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Èçó÷åíèå ïðîöåññîâ â ãèäðîêàíàëàõ ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé â ñâÿçè ñ èçó-
÷åíèåì ïàâîäêîâ, íàâîäíåíèé íà ðåêàõ è èçó÷åíèåì ïðîöåññîâ ìåëèîðàöèè ïëî-
äîðîäíûõ çåìåëü. ×àñòüþ öèôðîâûõ äâîéíèêîâ ïðèðîäíî-òåõíè÷åñêèõ ñèñòåì
ìîãóò áûòü íåéðîííûå ñåòè, êîòîðûå ïîçâîëÿþò óñêîðèòü ïðîöåññ âû÷èñëåíèé
â ðåæèìå ðåàëüíîãî âðåìåíè. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ âîçìîæíîñòü
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èñïîëüçîâàíèÿ ôèçè÷åñêè-èíôîðìèðîâàííîé íåéðîííîé ñåòè (PINN) äëÿ ðåøå-
íèÿ ïðÿìîé è îáðàòíîé çàäà÷è â îáëàñòè èçó÷åíèÿ ãèäðîëîãè÷åñêèõ ïðîöåññîâ
â ãèäðîêàíàëå ñ çàäàííîé òîïîãðàôèåé äíà. Äëÿ ãèäðîêàíàëà çàäàåòñÿ äëèíà,
L = 1000 ìåòðîâ, øèðèíà, B = 10 ìåòðîâ. Ïîâåðõíîñòü äíà çàäàåòñÿ àíàëèòè-
÷åñêîé ôîðìóëîé â çàâèñèìîñòè îò äâóõ êîîðäèíàò.
Â ðåçóëüòàòå ôîðìóëèðóåòñÿ êðàåâàÿ çàäà÷à î òå÷åíèå âîäû â äâóõìåðíîì êàíà-
ëå ñ çàäàííûì ðàñõîäîì íà âõîäå è óðîâíåì âîäû íà âûõîäå. Ïðîöåññ äâèæåíèÿ
æèäêîñòè îïèñûâàåòñÿ ñ ïîìîùüþ ìàòåìàòè÷åñêîé ìîäåëè â îñíîâå êîòîðîé ñî-
äåðæèòñÿ ðåøåíèå óðàâíåíèé ïî òåîðèè ìåëêîé âîäû (óðàâíåíèé Ñåí-Âåíàíà).
Èñõîäíûå óðàâíåíèÿ ðåøàþòñÿ ñ ïîìîùüþ êîíå÷íî-ðàçíîñòíîãî ìåòîäà íà çà-
äàííîé ñåòêå. Â õîäå ìîäåëèðîâàíèÿ äëÿ ïðÿìîé çàäà÷è îïðåäåëÿþòñÿ äâå êîì-
ïîíåíòû ñêîðîñòè è óðîâåíü ïîâåðõíîñòè âîäû â ãèäðîêàíàëå. Ïîëó÷åííûå èñ-
õîäíûå äàííûå â ðàñ÷åòíîì êîäå Delft3D èñïîëüçóþòñÿ äëÿ îáó÷åíèÿ ïîëíîñâÿç-
íîé íåéðîííîé ñåòè, êîòîðàÿ ñîäåðæèò âõîäíîé ñëîé äëÿ çàäàíèÿ ïîëîæåíèÿ
òî÷åê êîëëîêàöèè â ðàñ÷åòíîé îáëàñòè, ñêðûòûå ñëîè ñ çàäàííûì êîëè÷åñòâîì
íåéðîíîâ, âûõîäíîé ñëîé äëÿ ïðåäñêàçàíèÿ äâóõ êîìïîíåíò ñêîðîñòè è óðîâíÿ
ïîâåðõíîñòè âîäû. Îáðàòíàÿ çàäà÷à ôîðìóëèðóåòñÿ è ðåøàåòñÿ ñ öåëüþ ïðåä-
ñêàçàíèÿ çíà÷åíèÿ êîýôôèöèåíòà øåðîõîâàòîñòè äíà êàíàëà ñ èñïîëüçîâàíèåì
PINN. Ïðåäâàðèòåëüíî çàäàåòñÿ ïðèáëèæåííîå çíà÷åíèÿ êîýôôèöèåíòà øåðî-
õîâàòîñòè. Íà âõîä íåéðîííîé ñåòè ïîäàþòñÿ, ðàññ÷èòàííûå çíà÷åíèÿ ñêîðîñòè
è óðîâíÿ ïîâåðõíîñòè âîäû ïðè ðàçíûõ ðàñõîäàõ (50, 100, 200 ì3/ñ). Âû÷èñëåíèå
â êîäå Delft3D èñêîìûõ âåëè÷èí çàíèìàåò îêîëî 2 ìèíóò. Äîïîëíèòåëüíî áû-
ëî èçó÷åíî âëèÿíèå ãèïåðïàðàìåòðîâ PINN íà êà÷åñòâî ïðåäñêàçàíèÿ. Â õîäå
èññëåäîâàíèÿ âàðüèðîâàëîñü êîëè÷åñòâî òî÷åê êîëëîêàöèè â ðàñ÷åòíîé îáëà-
ñòè, çíà÷åíèå êîýôôèöèåíòà äëÿ ñêîðîñòè îáó÷åíèÿ. Îáó÷åíèå ìîäåëè PINN
âûïîëíÿëîñü íà ñåðâåðå ñ Nvidia GPU A100 îáúåìîì 40 ÃÁ. Îäèí òèïè÷íûé
ïðîöåññ îáó÷åíèÿ äëÿ âûáðàííîé àðõèòåêòóðû íåéðîííîé ñåòè çàíèìàåò îò 2,5
äî 3,5 ÷àñîâ, à ïðîöåññ ïðåäñêàçàíèÿ èññëåäóåìûõ ïàðàìåòðîâ - 5-10 ñåêóíä. Ïî
ðåçóëüòàòàì ïðåäñêàçàíèÿ PINN ïðîâåäåíà îöåíêà äëÿ àáñîëþòíîé âåëè÷èíû
îøèáêè. Îøèáêà ïðîãíîçèðîâàíèÿ çíà÷åíèÿ êîýôôèöèåíòà øåðîõîâàòîñòè äëÿ
îáðàòíîé çàäà÷è íå ïðåâûøàëà 10%.

Ðàçðåøèìîñòü â ïðîñòðàíñòâàõ Ã¼ëüäåðà îáðàòíîé çàäà÷è
î õàîòè÷íîé äèíàìèêå ïîëèìåðíîé ìîëåêóëû

Ôîìåíêî À.Ñ.1, Ñòàðîâîéòîâ Â.Í.2
1ÍÃÓ, Íîâîñèáèðñê, Ðîññèÿ

2ÈÃèË ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

as.fomenko1@gmail.com

Ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à äëÿ êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíå-
íèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè. Óðàâíåíèå ñîäåðæèò íåëîêàëüíûé ïî âðåìåíè
÷ëåí, âêëþ÷àþùèé èíòåãðàë îò ðåøåíèÿ ïî âñåìó âðåìåííîìó èíòåðâàëó, íà
êîòîðîì ðàññìàòðèâàåòñÿ çàäà÷à. Òàêèå óðàâíåíèÿ âîçíèêàþò ïðè îïèñàíèè õà-
îòè÷åñêîé äèíàìèêè ïîëèìåðíîé ìîëåêóëû (öåïî÷êè) â æèäêîñòè [1]. Èñêîìàÿ
ôóíêöèÿ ïðåäñòàâëÿåò ñîáîé ïëîòíîñòü âåðîÿòíîñòè òîãî, ÷òî óêàçàííîå çâåíî
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öåïî÷êè íàõîäèòñÿ â çàäàííîé òî÷êå ïðîñòðàíñòâà. Ïî ýòîé ïðè÷èíå âîçíèêàåò
åñòåñòâåííîå óñëîâèå ïåðåîïðåäåëåíèå, çàêëþ÷àþùååñÿ â òîì, ÷òî ïðîñòðàí-
ñòâåííûé èíòåãðàë îò ðåøåíèÿ ðàâåí åäèíèöå. Ðîëü âðåìåíè èãðàåò ïàðàìåòð
äëèíû äóãè âäîëü ïîëèìåðíîé öåïî÷êè. Íåëîêàëüíîñòü ïî âðåìåíè ïðèñóòñòâó-
åò â àðãóìåíòå òàê íàçûâàåìîãî ïîòåíöèàëà âçàèìîäåéñòâèÿ. Åå âîçíèêíîâåíèå
îáóñëîâëåíî òåì, ÷òî íà äâèæåíèå êàæäîãî çâåíà öåïè âëèÿþò âñå îñòàëüíûå
çâåíüÿ ÷åðåç îêðóæàþùóþ æèäêîñòü. Äîêàçàíà ðàçðåøèìîñòü çàäà÷è â ïðî-
ñòðàíñòâàõ Ãåëüäåðà â ñëó÷àå îãðàíè÷åííîãî ïîòåíöèàëà âçàèìîäåéñòâèÿ. Áî-
ëåå òîãî, óñòàíîâëåíà ðàçðåøèìîñòü è â ñëó÷àå íåîãðàíè÷åííîãî ïîòåíöèàëà ñ
îïðåäåëåííûìè îãðàíè÷åíèÿìè íà åãî ïîâåäåíèå íà íåêîòîðîì êîíå÷íîì èíòåð-
âàëå.

Ñïèñîê ëèòåðàòóðû
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Ðåøåíèå îäíîé îáðàòíîé çàäà÷è õèìè÷åñêîãî ðàâíîâåñèÿ
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Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à ïàðàìåòðè÷åñêîé îïòèìèçàöèè, ñîîòâåò-
ñòâóþùàÿ íàõîæäåíèþ ðàâíîâåñèÿ âåùåñòâ â ãàçîâîé ñðåäå,

f(x, T, P ) =
n∑

j=1

[
µ0
j(T ) +RT ln

(
Pxi
σ(x)

)]
xj → min

x
, (1)

Ax = b, (2)

x ⩾ 0, (3)

T � òåìïåðàòóðà, P � äàâëåíèå, R � óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ, x ∈ Rn

� âåêòîð êîëè÷åñòâ ìîëåé ðåàãèðóþùèõ âåùåñòâ, A � m×n ìàòðèöà ñîäåðæà-
íèÿ ýëåìåíòâ â âåùåñòâàõ, b ∈ Rm � âåêòîð êîëè÷åñòâ ìîëåé ýëåìåíòîâ,

σ(x) =
n∑

j=1

xj.

Ýëåìåíòû ìàòðèöû A íåîòðèöàòåëüíû, ìàòðèöà A íå ñîäåðæèò íóëåâûõ ñòîëá-
öîâ, ýëåìåíòû âåêòîðà b ïîëîæèòåëüíû. Ôóíêöèè µ0

j : R → R, j = 1, . . . , n
� íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè, ïðåäñòàâèìûå â âèäå ðàçíîñòè
äâóõ âûïóêëûõ ôóíêöèé. Ïàðàìåòðû T è P âàðüèðóþòñÿ â çàäàííûõ ïðåäå-
ëàõ, T ∈ [T , T ], P ∈ [P , P ]. Öåëåâàÿ ôóíêöèÿ çàäà÷è (1)-(3) � ñòðîãî âûïóêëàÿ

27



ôóíêöèÿ ïåðåìåííîé x, ïîýòîìó ðåøåíèå x∗(T, P ) ýòîé çàäà÷è åäèíñòâåííî.
Çàäàíî öåëåâîå ìíîæåñòâî

D = {x ∈ Rn
+ : xj ⩽ xj, j ∈ J, xj ⩾ xj, j ∈ J},

J, J ⊂ {1, . . . , n}. Òðåáóåòñÿ îïðåäåëèòü ïàðàìåòðû T̂ ∈ [T , T ], P̂ ∈ [P , P ],
ïðè êîòîðûõ x∗(T̂ , P̂ ) ∈ D èëè óñòàíîâèòü, ÷òî òàêèõ ïàðàìåòðîâ à çàäàííûõ
ïðåäåëàõ íå ñóùåñòâóåò.
Äëÿ ðåøåíèÿ ïîñòàâëåííîé îáðàòíîé çàäà÷è èñïîëüçóåòñÿ àïïàðàò íåëèíåéíûõ
îïîðíûõ ôóíêöèé, ðàíåå èñïîëüçîâàííûé äëÿ ðåøåíèÿ çàäà÷ âûïóêëîé ïàðà-
ìåòðè÷åñêîé îïòèìèçàöèè [1]. Ïðèâîäÿòñÿ ðåçóëüòàòû ÷íñëåííûõ ýêñïåðèìåí-
òîâ.
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Â äîêëàäå àíàëèçèðóþòñÿ çàäà÷è èäåíòèôèêàöèè òåíçîðà ìîäóëåé óïðóãîñòè ñ
èíêîðïîðèðîâàííûìè òîíêèìè óïðóãèìè è æ¼ñòêèìè âêëþ÷åíèÿìè â íåêîýðöè-
òèâíîì ñëó÷àå. Ïðåäïîëàãàåòñÿ, ÷òî âêëþ÷åíèÿ îòñëàèâàþòñÿ îò îêðóæàþùåãî
óïðóãîãî òåëà, îáðàçóÿ ìåæôàçíûå òðåùèíû. Íà áåðåãàõ òðåùèí ðàññìàòðè-
âàþòñÿ ãðàíè÷íûå óñëîâèÿ òèïà íåðàâåíñòâ, îáåñïå÷èâàþùèå âçàèìíîå íåïðî-
íèêàíèå ïðîòèâîïîëîæíûõ áåðåãîâ. Ðàññìàòðèâàåìûå îáðàòíûå çàäà÷è õàðàê-
òåðèçóþòñÿ íåèçâåñòíûì ïîëåì ïåðåìåùåíèé è íåèçâåñòíûì òåíçîðîì ìîäóëåé
óïðóãîñòè. Ôîðìóëèðîâêà çàäà÷ èäåíòèôèêàöèè âêëþ÷àåò äîïîëíèòåëüíóþ èí-
ôîðìàöèþ, êîòîðàÿ ìîæåò áûòü ïîëó÷åíà ïóòåì èçìåðåíèé. Äîêàçàíî ñóùå-
ñòâîâàíèå ðåøåíèÿ ýòèõ çàäà÷ [1].

Ñïèñîê ëèòåðàòóðû

1. Õëóäíåâ A.M., Rodionov A.A. Elasticity tensor identi�cation in elastic body
with thin inclusions: non-coercive case// J. Opt. Theory Appl. 2023. v. 197.
No. 3, P. 993-1010 .

28



Ðåøåíèå îáðàòíîé çàäà÷è ãåîýëåêòðèêè íà îñíîâå
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Â íàñòîÿùåå âðåìÿ íåéðîííûå ñåòè óñïåøíî ïðèìåíÿþòñÿ äëÿ ðåøåíèÿ îáðàò-
íûõ çàäà÷ ãåîôèçèêè. ÍÑ ïîäõîä âûãîäíî îòëè÷àåòñÿ îò êëàññè÷åñêîãî Òèõî-
íîâñêîãî òåì, ÷òî ¾ïëîõàÿ¿ íåëèíåéíàÿ îïòèìèçàöèîííàÿ çàäà÷à ïîñòðîåíèÿ
(îáó÷åíèÿ) ÍÑ àïïðîêñèìàòîðà (ÿâëÿþùåãîñÿ ïðèáëèæ¼ííûì îáðàòíûì îïå-
ðàòîðîì çàäà÷è) ðåøàåòñÿ îäèí ðàç â çàäàííîì êëàññå ñðåä íà îñíîâå çàðàíåå
ïîñòðîåííîãî ìíîæåñòâà îïîðíûõ ðåøåíèé çàäà÷; îáó÷åííûé ÍÑ àïïðîêñèìà-
òîð ïîçâîëÿåò ôîðìàëèçîâàíî â ðåæèìå ðåàëüíîãî âðåìåíè áåç çàäàíèÿ ïåðâî-
ãî ïðèáëèæåíèÿ íàõîäèòü ðåøåíèå îáðàòíîé çàäà÷è â çàäàííîì êëàññå ñðåä çà
ïåðâûå äåñÿòêè ñåêóíä íà ïåðñîíàëüíîì êîìïüþòåðå.
Äëÿ ðåàëüíûõ íåëèíåéíûõ îáðàòíûõ 2D�3D çàäà÷ ãåîýëåêòðèêè ïðèõîäèòñÿ
ñòðîèòü äîñòàòî÷íî ñëîæíûå íåéðîííûå ñåòè, êîòîðûå èçíà÷àëüíî ó÷èòûâàþò
ñâîéñòâåííóþ ðåøàåìîé çàäà÷å ôèçèêó ïðîáëåìû [1]. Ïðè ýòîì ïðèìåíÿåòñÿ
ïðèíöèï äåêîìïîçèöèè è ââîäèòñÿ ïîíÿòèå ëîêàëüíîãî ÍÑ àïïðîêñèìàòîðà.
Ïîçäíåå ñåòè, àäàïòèðîâàííûå ê ôèçèêå çàäà÷è, ñòàëè íàçûâàòü ôèçè÷åñêè èí-
ôîðìèðîâàííûìè íåéðîííûìè ñåòÿìè � ÔÈÍÑ (PINN � physics-informed neural
network). Òåðìèí PINN áûë ââåä¼í Raissi â 2017 ã. [4], òàì æå áûëè ïðåäñòàâ-
ëåíû ïðèìåðû ïîñòðîåíèÿ ÔÈÍÑ äëÿ ðåøåíèÿ ïðÿìûõ è îáðàòíûõ çàäà÷ ìà-
òåìàòè÷åñêîé ôèçèêè.
Ñîâðåìåííàÿ àâòîðñêàÿ âåðñèÿ ÍÑ ìåòîäà ðåàëèçîâàíà â àðõèòåêòóðå ñâåðòî÷-
íîé ÔÈÍÑ CNN.INV [2, 3], àäàïòèðîâàííîé ê îñîáåííîñòÿì ýëåêòðîìàãíèòíûõ
ïîëåé, ïðèìåíÿåìûõ â ãåîýëåêòðèêå.
Ðàçâèòèå êîíöåïöèè ÔÈÍÑ ïîçâîëÿåò ñîçäàâàòü ÍÑ-àðõèòåêòóðû, êîòîðûå ñî-
÷åòàþò âûñîêóþ âû÷èñëèòåëüíóþ ýôôåêòèâíîñòü, óñòîé÷èâîñòü ê øóìó è ôè-
çè÷åñêóþ ñîãëàñîâàííîñòü ðåøåíèé.
Ðàáîòà âûïîëíåíà ñ èñïîëüçîâàíèåì îáîðóäîâàíèÿ Öåíòðà êîëëåêòèâíîãî ïîëü-
çîâàíèÿ ñâåðõâûñîêîïðîèçâîäèòåëüíûìè âû÷èñëèòåëüíûìè ðåñóðñàìè ÌÃÓ èìå-
íè Ì.Â. Ëîìîíîñîâà.
Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 24-11-
00266,
https://rscf.ru/project/24-11-00266/.
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Î ðåøåíèè îáðàòíûõ çàäà÷ äèíàìèêè
ïðè ïîìîùè íåéðîäèôôåðåíöèàëüíûõ óðàâíåíèé

Øîðîõîâ Ñ.Ã.
ÐÓÄÍ èì. Ï. Ëóìóìáû, Ìîñêâà, Ðîññèÿ

shorokhov-sg@rudn.ru

Ïîä îáðàòíûìè çàäà÷àìè äèíàìèêè [1] ïîíèìàþò çàäà÷è îïðåäåëåíèÿ ïðàâûõ
÷àñòåé ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ), ïðè êî-
òîðûõ äâèæåíèå ñ çàäàííûìè ñâîéñòâàìè, íàïðèìåð, äâèæåíèå ïî çàäàííîé
òðàåêòîðèè, ÿâëÿåòñÿ îäíèì èç âîçìîæíûõ äâèæåíèé ðàññìàòðèâàåìîé äèíà-
ìè÷åñêîé ñèñòåìû. Ýôôåêòèâíûì èíñòðóìåíòîì ðåøåíèÿ îáðàòíûõ çàäà÷è äè-
íàìèêè ÿâëÿåòñÿ ìåòîä ïîñòðîåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàäàííûì
èíòåãðàëüíûì ìíîãîîáðàçèåì, ïðåäëîæåííûé Í.Ï. Åðóãèíûì [2]. Â ýòîì ìåòîäå
ñâîéñòâà äâèæåíèÿ çàäàþòñÿ àíàëèòè÷åñêèìè ôîðìóëàìè, à ðåøåíèÿ îáðàòíûõ
çàäà÷ (ïðàâûå ÷àñòè ñèñòåì ÎÄÓ) òàêæå ïîëó÷àþò â âèäå òî÷íûõ àíàëèòè÷å-
ñêèõ âûðàæåíèé, ñîäåðæàùèõ ïðîèçâîëüíûå ôóíêöèè.
Â íåéðîäèôôåðåíöèàëüíûõ óðàâíåíèÿõ [3] òàêæå ðåøàåòñÿ çàäà÷à ïîñòðîåíèÿ
ïðàâûõ ÷àñòåé ñèñòåì ÎÄÓ ïî çàäàííîé òðàåêòîðèè, îäíàêî çäåñü òðàåêòîðèÿ
äâèæåíèÿ îïðåäåëÿåòñÿ íå òî÷íîé ôîðìóëîé, à êîíå÷íûì íàáîðîì òî÷åê òðàåê-
òîðèè äëÿ ðàçëè÷íûõ ìîìåíòîâ âðåìåíè, è ðåøåíèå îáðàòíîé çàäà÷è ñòðîèòñÿ
íå â àíàëèòè÷åñêîì âèäå, à êàê àïïðîêñèìàöèÿ íåéðîííîé ñåòüþ êàêîé-ëèáî
àðõèòåêòóðû.
Â äîêëàäå ñðàâíèâàþòñÿ ïîäõîäû ê ðåøåíèþ îáðàòíûõ çàäà÷ äèíàìèêè íà îñíî-
âå ìåòîäà ïîñòðîåíèÿ ñèñòåì ÎÄÓ ïî çàäàííîìó èíòåãðàëüíîìó ìíîãîîáðàçèþ
è ìåòîäà íåéðîäèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðèâîäèòñÿ àëãîðèòì îáó÷åíèÿ
íåéðîííîé ñåòè, âõîäÿùåé â ñîñòàâ ñèñòåìû íåéðîäèôôåðåíöèàëüíûõ óðàâíå-
íèé, ïî çàäàííîìó íàáîðó òî÷åê òðàåêòîðèè. Äëÿ çàäàííîé ïëîñêîé êðèâîé ïðî-
èçâîäèòñÿ àíàëèòè÷åñêîå ïîñòðîåíèå ñèñòåìû ÎÄÓ, äîïóñêàþùåé äâèæåíèå ïî
ýòîé êðèâîé, çàòåì äëÿ âûâåäåííîé ñèñòåìû ÎÄÓ ïðè ïîìîùè ÷èñëåííûõ ìåòî-
äîâ ñòðîèòñÿ íàáîð òî÷åê äëÿ îáó÷åíèÿ íåéðîííîé ñåòè è, íàêîíåö, ïî ïîëó÷åí-
íîìó îáó÷àþùåìó íàáîðó äàííûõ ïðîèçâîäèòñÿ îáó÷åíèå ñèñòåìû íåéðîäèôôå-
ðåíöèàëüíûõ óðàâíåíèé. Îöåíèâàþòñÿ ïîêàçàòåëè êà÷åñòâà îáó÷åííîé ìîäåëè
íåéðîäèôôåðåíöèàëüíûõ óðàâíåíèé. Îáñóæäàþòñÿ âîçìîæíîñòè ñîâìåñòíîãî
ïðèìåíåíèÿ ìåòîäà ïîñòðîåíèÿ ñèñòåì ÎÄÓ ïî çàäàííîìó èíòåãðàëüíîìó ìíî-
ãîîáðàçèþ è íåéðîäèôôåðåíöèàëüíûõ óðàâíåíèé ïðè ðåøåíèè îáðàòíûõ çàäà÷.
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One-dimensional inverse problem for wave equation
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We consider wave equation with inhomogeneity σ(x)umt + q(x)up, m > 1, p > 1, and
study a forward and an one-dimensional inverse problems for this equation.

Let T be a real positive number.

A forward problem. Determine the function u(x, t) satisfying the relations

utt − uxx − σ(x)umt − q(x)up = 0, x > 0, t ∈ (0, T ]; (1)

u|t=0 = ut|t=0 = 0, (2)

u|x=0 = f(t), (3)

where σ(x) and q(x) are continuous functions; m > 1 and p > 1 are real numbers;
f(t) is the twice continuously di�erentiable function and f(0) = a > 0, f ′(0) = b > 0,
a, b are some constants.

An inverse problem. Let fk(t), k = 1, 2, be the given functions and fk(0) = ak > 0,
f ′
k(0) = bk, k = 1, 2, numbers ak and bk satisfy the condition a

p
1b

m
2 − ap2b

m
1 ̸= 0. The

solution of the forward problem (1)�(3) for f = fk, k = 1, 2 denote uk(x, t), k = 1, 2.
Find the functions σ(x) and q(x) from the given information about solutions uk(x, t):

ukx|x=0 = hk(t), t ∈ [0, T ], k = 1, 2. (4)

Conditions for the unique solvability of the forward problem are found. For the
inverse problem a local existence and uniqueness theorems are established. Both
theorems for forward and inverse problems are new in the theory of inverse problems
(see paper [1]).
The work is done within framework of state contract of Sobolev institute of Mathematis
(project FWNF-2022-0009).
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Solving Nonlinear Schr�odinger Equations Using Improved
Physics-Informed Neural Networks
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This paper proposes an innovative Physics-Informed Neural Network (PINN) architecture
that integrates adaptive activation functions and Latin Hypercube Sampling, signi�cantly
enhancing the e�ciency of solving complex mathematical-physical problems [1]. The
improved framework has been successfully applied to solve the three-dimensional
nonlinear Schr�odinger equation, accurately simulating the propagation dynamics of
optical pulses in nonlinear media and capturing their evolution across spatial and
temporal scales [2].

The enhanced PINN demonstrates superior convergence and computational e�ciency.
The stable reduction in loss indicates its e�ectiveness in learning physical laws
and performing data �tting. Key innovations include: physics-constrained layers
that ensure compliance with fundamental physical principles; a multi-objective loss
function for balancing constraints; and e�cient computa-
tion for high-dimensional problems. This work provides a powerful tool for modeling
optical pulse transmission, studying soliton dynamics, and simulating wave propagation
[3].
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Application of asymptotic solutions in full-wave inversion
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The computational cost of seismic data modeling for a typical acquisition system
can be substantial, estimated at approximately 108 core-hours when performed on
central processing units (CPUs). These estimates are for an isotropic elastic medium;
as geological models increase in complexity, the demand for computational resources
grows signi�cantly. Consequently, developing e�cient numerical methods for seismic
wave�eld modeling and accelerating these algorithms is an urgent task.

Asymptotic methods operate much faster than those based on �nite di�erences
or �nite elements, which are commonly used in most inversion algorithms. A key
advantage of asymptotic solutions is their applicability to acoustic, isotropic and
anisotropic, and viscoelastic media. This allows them to account for complex geological
features [1] without a corresponding increase in computational cost. It is important
to note, however, that solutions obtained through asymptotic methods di�er from
those derived from classical approaches to solving the wave equation.

This paper investigates the application of an asymptotic solution to the Helmholtz
equation for full-waveform inversion (FWI) [2] in a two-dimensional, frequency-
domain formulation [3]. The study is conducted using a series of synthetic models
and validated on real marine seismic data.

The work is supported by RSF grant 21-71-20002-.
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The tasks of coal seam monitoring and cross-well tomography are inherently three-
dimensional. This is because excitation and recording systems are often not con�ned
to a single plane, and detailed geological models (such as those of a coal seam)
contain intrinsically three-dimensional contrasting boundaries. Conversely, the velocity
variations within these boundaries and the relief of the boundaries themselves can
often be accurately described by polynomial functions.
This paper employs a tomographic approach based on representing the velocity
model with Chebyshev polynomials [1]. This parameterization signi�cantly reduces
the number of unknown parameters compared to standard grid-based representations.
This reduction ultimately leads to a more reliable and stable solution to the tomographic
problem, which is crucial when working with limited seismic data.
Performing tomography requires two-point ray tracing in three-dimensional models.
For 3D problems, the bending method [2] proves to be a much more e�ective solution
for two-point tracing than the shooting method. However, a classical implementation
of the bending method does not account for the limited spectrum of the probing
signal, which often results in non-physical ray paths and travel times. This paper
uses an approach [3] that partially resolves this issue without incurring excessive
computational costs.
The tomography method was tested on realistic synthetic data generated from
laboratory coal test data. The input information consisted of the recorded �rst-
arrival times of seismic waves measured in a drift along the mined layer. The paper
also presents testing results for a realistic cross-well scanning scenario.
The work is supported by RSF grant 21-71-20002-.
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The impact of the large amount of HFTs can be modelled via mean �eld term.
A Mean Field Game is a coupled system of PDEs: a Kolmogorov�Fokker�Planck
equation, evolving forward in time and describing evolution of the HFTs probability
density function spread by the amount of asset shares; and a Hamilton�Jacobi�
Bellman equation, evolving backwards in time and de�ning the strategy of the HFTs.
These equations form a boundary value problem. We consider the model of the
HFTs' behavior in the stock market with reference to [1]. A coupling condition of
this system is α = 1

2k
∂u
∂x
:

∂m
∂t

− σ2

2
∂2m
∂x2 + 1

2k
∂
∂x

(
∂u
∂x
m
)
= 0,

∂u
∂t

+ σ2

2
∂2u
∂x2 +

1
4k

(
∂u
∂x

)2 − λ (x− ã(t))2 = −V (m),

m(0, x) = m0(x),

u(T, x) = −θ(x− a)2,

where m(t, x) is a probability density function of HFTs, x(t) ∈ R is the amount of
asset shares held by HFT at time t ∈ [0, T ], ã(t) ∈ R is a turnpike function, k > 0,
λ > 0, θ > 0, a ∈ R.
Let V (m) = lnm, m0(x) be the Gaussian probability distribution with mean µ0 ∈ R
and dispersion δ0 > 0, i.e.

m0(x) =
1√
2πδ20

exp

[
− 1

2δ20
(x− µ0)

2

]
, x ∈ R,

then the solution of the system of PDEs is

u(t, x) = C0(t) + C1(t)x+ C2(t)x
2, x ∈ R, t ∈ [0, T ],

m(t, x) = exp
[
D0(t) +D1(t)x+D2(t)x

2
]
, x ∈ R, t ∈ [0, T ],

where the functions D0(t), D1(t), D2(t), C0(t), C1(t), C2(t) are de�ned as Riccati-
type ODEs:

Ḋ0 = − 1
2k
C1D1 − 1

k
C2 +

σ2

2
D2

1 + σ2D2, D0(0) = − µ2
0

2δ20
− 1

2
ln (2πδ20) ,

Ḋ1 = − 1
k
C1D2 − 1

k
C2D1 + 2σ2D1D2, D1(0) =

µ0

δ20
,

Ḋ2 = − 2
k
C2D2 + 2σ2D2

2, D2(0) = − 1
2δ20
,

Ċ0 = − 1
4k
C2

1 − σ2C2 −D0 + λã2, C0(T ) = −a2θ,
Ċ1 = − 1

k
C1C2 −D1 − 2λã, C1(T ) = 2aθ,

Ċ2 = − 1
k
C2

2 −D2 + λ, C2(T ) = −θ.

(1)

This is an extension of the ODEs presented in [1].
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The asset share price is based on the geometric Brownian motion that is used to
model stock prices in the Black�Scholes model in mathematical �nance. We suppose
that the asset price S(t) satis�es the following ODE:

Ṡ = Sη (M(t) + f(t)) , (2)

where η > 0, M(t) = C1(t) − C2(t)
D1(t)
D2(t)

is the in�uence of the HFTs, f(t) is the
in�uence of the professional traders.
Denote by S̃(t) the statistic asset price. We pose an inverse problem of �nding such
turnpike function ã(t) of the HFTs that would reproduce the statistic asset price:

J =

T∫
0

(
S̃(t)− S(t)

)2

dt→ min
ã

(3)

To do this, we apply the Pontryagin maximum principle to the problem (1)-(3).
With it help we construct an optimal control synthesis:

ã(t) =
1

2kη
ln
S̃(t)

S̃(0)
− 1

2k

t∫
0

f(τ)dτ + µ0 +
1

2λ
ḟ(t)− 1

2λη

d2
(
ln S̃(t)

)
dt2

.

To satisfy the optimal control conditions, the initial and the terminal conditions of
Riccati-type ODEs (1), the following expression on the parameters should be true:

µ0 − a+
1

2kη
ln
S̃(T )

S̃(0)
+

1

2ηθ

˙̃S(T )

S̃(T )
− 1

2θ
f(T )− 1

2k

T∫
0

f(τ)dτ = 0.

We apply the Mean Field Games approach to describe the Chinese stock market
crash in 2015. The HFTs wanted to make pro�t through the transactions. The
behavior of the professional traders can be described as the behavior of one rational
representative trader. We solve an inverse problem of reproducing the asset price
and explain the strategies of the HFTs and the professional traders in the stock
market during the Chinese stock market crisis in 2015.
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