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Íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ îïòèìàëüíîãî
óïðàâëåíèÿ ðåøåíèÿìè íà÷àëüíî-êîíå÷íîé çàäà÷è äëÿ ëèíåéíîãî óðàâíåíèÿ ñî-
áîëåâñêîãî òèïà ñ (L, p)-îãðàíè÷åííûì îïåðàòîðîì. Äàííûå ðåçóëüòàòû ïðîèëëþ-
ñòðèðîâàíû íà ìîäåëè Õîôôà íà ãðàôå.

Ïóñòü G = G(V; E), ãäå V = {Vi} � ìíîæåñòâî âåðøèí, à E = {Ei} � ìíîæåñòâî
ðåáåð, � êîíå÷íûé ñâÿçíûé îðèåíòèðîâàííûé ãðàô, ïðè÷åì êàæäîå åãî ðåáðî Ei èìå-
åò äëèíó li ∈ R+ è ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ dj ∈ R+. Íà ãðàôå G ðàññìîòðèì
ëèíåéíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ

λxjt + xjtss = αxj + uj, λ ∈ R+, α ∈ R, (1)

êîòîðûå ìîäåëèðóþò äèíàìèêó âûïó÷èâàíèÿ êîíñòðóêöèè èç äâóòàâðîâûõ áàëîê [1].
Íàñ èíòåðåñóþò ðåøåíèÿ óðàâíåíèÿ (1) óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

xj(0, t) = xk(0, t) = xm(lm, t) = xn(ln, t), (2)

ãäå Ej, Ek ∈ Eα(Vi), Em, En ∈ Eω(Vi) (Eα(ω)(Vi) � ìíîæåñòâî ðåáåð ñ íà÷àëîì (êîíöîì)
â âåðøèíå Vi), à òàêæå ∑

Ej∈Eα(Vi)

djxjs(0, t)−
∑

Ek∈Eω(Vi)

dkxks(lk, t) = 0, (3)

∑
µk∈σL

ex(M)

〈(xj(0)− xj0), ϕk〉ϕk = 0,
∑

µk∈σL
in(M)

〈(xj(τ)− xjτ ), ϕk〉ϕk = 0, (4)

ãäå ñåìåéñòâî ôóíêöèé {ϕk} îáðàçóåò áàçèñ â ïðîñòðàíñòâå X, êîòîðîå áóäåò îïðåäåëåíî
äàëåå.

Íàø ïîäõîä çàêëþ÷àåòñÿ â ðåäóêöèè çàäà÷è (1) � (4) ê íà÷àëüíî-êîíå÷íîé çàäà÷å

Pex(x(0)− x0) = 0, Pin(x(τ)− xτ ) = 0, (5)

äëÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà

Lẋ = Mx + Bu. (6)

Ïóñòü X, Y è U � ãèëüáåðòîâû ïðîñòðàíñòâà, îïåðàòîðû L, M ∈ L(X; Y), îïåðàòîð
B ∈ L(U; Y), à ôóíêöèÿ u : [0, τ) ⊂ R+ → U (τ < ∞). Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí
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(ñì. [2]) è L-ñïåêòð σL(M) = σL
in(M) ∪ σL

ex(M), σL
in(M) ∩ σL

ex(M) = ∅. Îïåðàòîðû Pin =
(2πi)−1 ∫

γ
RL

µ(M)dµ, Pex = P−Pin, P = (2πi)−1 ∫
Γ
RL

µ(M)dµ � ïðîåêòîðû (ñì. [3]); êîíòóð

γ ⊂ C îãðàíè÷èâàåò îáëàñòü, ñîäåðæàùóþ σL
in(M); êîíòóð Γ ⊂ C îãðàíè÷èâàåò îáëàñòü,

ñîäåðæàùóþ σL(M); RL
µ = (µL − M)−1L � ïðàâàÿ, à LL

µ = L(µL − M)−1 � ëåâàÿ L-
ðåçîëüâåíòû îïåðàòîðà M .

Âûäåëèì â ïðîñòðàíñòâå Hp+1(U) = {u ∈ L2(0, τ ; U) : u(p+1) ∈ L2(0, τ ; U), p ∈ {0}∪N}
çàìêíóòîå è âûïóêëîå ïîäìíîæåñòâî Hp+1

∂ (U) � ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé.
Íàñ áóäåò èíòåðåñîâàòü çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ, êîòîðàÿ çàêëþ÷àåòñÿ â

îòûñêàíèè òàêîé ïàðû (x, u0) ∈ X×Hp+1
∂ (U), ãäå x ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (5), (6),

à äëÿ u0 âûïîëíÿåòñÿ ñîîòíîøåíèå

J(u0) = minu∈Hp+1
∂ (U)J(u), (7)

ãäå J(u) � íåêîòîðûé ñïåöèàëüíûì îáðàçîì ïîñòðîåííûé ôóíêöèîíàë êà÷åñòâà.
Îïòèìàëüíîå óïðàâëåíèå ëèíåéíûìè óðàâíåíèÿìè ñ óñëîâèÿìè Êîøè âïåðâûå èçó-

÷àëîñü â [2, ãë. 7]. Â ðàáîòå [4] ïðåäëîæåí ÷èñëåííûé àëãîðèòì íàõîæäåíèÿ ðåøåíèÿ
çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ëèíåéíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà. Îïòè-
ìàëüíîå óïðàâëåíèå äëÿ ïîëóëèíåéíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà ðàññìàòðèâàëîñü
â ðàáîòå [5].

Îïðåäåëåíèå 1. Âåêòîð-ôóíêöèþ x ∈ H1(X) = {x ∈ L2(0, τ ; X) : ẋ ∈ L2(0, τ ; X)}
íàçîâåì ñèëüíûì ðåøåíèåì óðàâíåíèÿ Lẋ = Mx + Bu åñëè îíà ï. â. íà (0, τ) îáðàùàåò
åãî â òîæäåñòâî. Ñèëüíîå ðåøåíèå x = x(t) óðàâíåíèÿ Lẋ = Mx+Bu íàçîâåì ñèëüíûì
ðåøåíèåì íà÷àëüíî-êîíå÷íîé çàäà÷è, åñëè îíî óäîâëåòâîðÿåò (5).

Òåîðåìà 1. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí, p ∈ {0} ∪ N. Òîãäà äëÿ ëþáûõ
x0, xτ ∈ X è y ∈ Hp+1(Y) = {v ∈ L2(0, τ ; Y) : v(p+1) ∈ L2(0, τ ; Y), p ∈ {0}∪N} ñóùåñòâóåò
åäèíñòâåííîå ñèëüíîå ðåøåíèå çàäà÷è (5) äëÿ óðàâíåíèÿ Lẋ = Mx + Bu.

Ââåäåì â ðàññìîòðåíèå Z � íåêîòîðîå ãèëüáåðòîâî ïðîñòðàíñòâî íàáëþäåíèé è îïå-
ðàòîð C ∈ L(X; Z), çàäàþùèé íàáëþäåíèå z(t) = Cx(t).

Îïðåäåëåíèå 2. Âåêòîð-ôóíêöèþ u0 ∈ Hp+1
∂ (U) íàçîâåì îïòèìàëüíûì óïðàâëåíè-

åì ðåøåíèÿìè çàäà÷è (5), (6), åñëè âûïîëíåíî (7).
Ïîñòðîèì ôóíêöèîíàë

J(u) =
1∑

q=0

τ∫
0

‖z(q) − z
(q)
0 ‖2

Zdt +

p+1∑
q=0

τ∫
0

〈
Nqu

(q), u(q)
〉

U
dt, (8)

ãäå Nq ∈ L(U), q = 0, 1, . . ., p + 1, � ñàìîñîïðÿæåííûå è ïîëîæèòåëüíî îïðåäåëåííûå
îïåðàòîðû, z0 = z0(t) � æåëàåìîå íàáëþäåíèå.

Ïîñòðîèì ïðîñòðàíñòâî Hp+1(Y) = {v ∈ L2(0, τ ; Y) : v(p+1) ∈ L2(0, τ ; Y), p ∈ {0}∪N}.
Ïóñòü y ∈ Hp+1(Y). Ââåäåì â ðàññìîòðåíèå îïåðàòîðû

A1y(t) = −
p∑

q=0

(M−1
0 L0)

qM−1
0

dq

dtq
y0(t), k1(t) = X t

exx0, A2y(t) =
t∫

0

Zt−s
ex yex(s)ds,

k2(t) = X t−τ
in xτ , A3y(t) =

τ∫
t

Zt−s
in yin(s)ds,

ãäå

X t
ex = (2πi)−1

(∫
Γ
−

∫
γ

)
RL

µ(M)eµtdµ, Zt
ex = (2πi)−1

(∫
Γ
−

∫
γ

)
(µL−M)−1eµtdµ,

X t
in = (2πi)−1

∫
γ
RL

µ(M)eµtdµ, Zt
in = (2πi)−1

∫
γ
(µL−M)−1eµtdµ.
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Ëåììà 1. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí. Òîãäà
(i) A1 ∈ L(Hp+1(Y); H1(X));
(ii) ïðè ëþáîì x0 ∈ X âåêòîð-ôóíêöèÿ k1 ∈ C1([0, τ); X);
(iii) A2 ∈ L(Hp+1(Y); H1(X));
(iv) ïðè ëþáîì xτ ∈ X âåêòîð-ôóíêöèÿ k2 ∈ C1([0, τ); X);
(v) A3 ∈ L(Hp+1(Y); H1(X)).

Òåîðåìà 2. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí, p ∈ {0} ∪ N. Òîãäà äëÿ ëþáûõ
y ∈ Hp+1(Y), x0, xτ ∈ X ñóùåñòâóåò åäèíñòâåííîå îïòèìàëüíîå óïðàâëåíèå ðåøåíèÿìè
çàäà÷è (5), (6).

Äîêàçàòåëüñòâî.
Ïî òåîðåìå 1 ïðè ëþáûõ x0, xτ ∈ X è u ∈ Hp+1(U) ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå

ðåøåíèå x ∈ H1(X) çàäà÷è (5), (6), èìåþùåå âèä

x(t) = (A1 + A2)(y + Bu)(t) + k1(t) + k2(t), (9)

ãäå îïåðàòîðû A1, A2 è âåêòîð-ôóíêöèè k1, k2 çàäàíû â ëåììå 1.
Çàôèêñèðóåì y ∈ Hp+1(Y), x0, xτ ∈ X è ðàññìîòðèì (9) êàê îòîáðàæåíèå D : u →

x(u). Òîãäà îòîáðàæåíèå D : Hp+1(U) → H1(X), îïðåäåëåííî íåïðåðûâíî.
Ïåðåïèøåì ôóíêöèîíàë ñòîèìîñòè (8) â âèäå

J(u) = ‖Cx(t, u)− z0‖2
H1(Z) + [v, u],

ãäå v(q)(t) = Nqu
(q)(t), q = 0, . . . , p + 1. Îòñþäà

J(u) = π(u, u)− 2λ(u) + ‖z0 − Cx(t, 0)‖2
H1(Z) ,

ãäå

π(u, u) = ‖C(x(t, u))− x(t, 0)‖2
H1(Z) + [v, u] −

áèëèíåéíàÿ íåïðåðûâíàÿ êîýðöèòèâíàÿ ôîðìà íà Hp+1(U), à

λ(u) = 〈z0 − Cx(t, 0), C(x(t, u)− x(t, 0))〉H1(Z) −

ëèíåéíàÿ íåïðåðûâíàÿ íà Hp+1(U) ôîðìà. Çíà÷èò, óñëîâèÿ òåîðåìû [6, ãë. 1] âûïîëíåíû
è òåîðåìà äîêàçàíà.

Âåðíåìñÿ òåïåðü ê èçíà÷àëüíî ïîñòàâëåííîé çàäà÷å (1)�(4). Ââåäåì â ðàññìîòðåíèå
ãèëüáåðòîâî ïðîñòðàíñòâî L2(G) = {g = (g1, g2, ..., gj, ...) : gj ∈ L2(0, lj)} ñî ñêàëÿðíûì
ïðîèçâåäåíèåì

〈g, h〉 =
∑
Ej∈E

dj

lj∫
0

gjhjdx,

è áàíàõîâî ïðîñòðàíñòâî X = {x = (x1, x2, ..., xj, ...) : xj ∈ W 1
2 (0, lj) è âûïîëíåíî (2)} ñ

íîðìîé

‖x‖2
X =

∑
Ej∈E

dj

lj∫
0

(x2
js + x2

j)ds.
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Îáîçíà÷èì ÷åðåç Y ñîïðÿæåííîå ê X îòíîñèòåëüíî äâîéñòâåííîñòè 〈·, ·〉 ïðîñòðàí-
ñòâî è ôîðìóëîé

〈Ax, v〉 = −
∑
Ej∈E

dj

lj∫
0

xjsvjsds, x, v ∈ X

çàäàäèì îïåðàòîð A ∈ L(X; Y). Åãî ñïåêòð σ(A) îòðèöàòåëåí, äèñêðåòåí, êîíå÷íîêðà-
òåí è ñãóùàåòñÿ òîëüêî ê −∞. Çàíóìåðóåì ñîáñòâåííûå çíà÷åíèÿ {λk} îïåðàòîðà A ïî
íåâîçðàñòàíèþ ñ ó÷åòîì êðàòíîñòè. Òîãäà îðòîíîðìèðîâàííîå (â ñìûñëå Y) ñåìåéñòâî
ñîîòâåòñòâóþùèõ ñîáñòâåííûõ ôóíêöèé {ϕk} îïåðàòîðà A îáðàçóåò áàçèñ ïðîñòðàíñòâà
X â ñèëó ïëîòíîãî è íåïðåðûâíîãî âëîæåíèÿ Y â X.

Ôîðìóëîé N : x → (x1ss, x2ss, . . . , xjss, . . .), çàäàäèì îïåðàòîð N ∈ L(X; Y).
Âûáåðåì λ ∈ R+ è ïîñòðîèì îïåðàòîð L = λ + N . Ïî ïîñòðîåíèþ îïåðàòîð L ∈

L(X; Y), à åãî ñïåêòð σ(L) = {λ + λk}. Îïåðàòîð M çàäàäèì ôîðìóëîé M = αI, ãäå
α ∈ R.

Òàêèì îáðàçîì, çàäà÷à (1)�(4) ñâåäåíà ê çàäà÷å (5), (6).
Òåîðåìà 3. Ïðè ëþáûõ λ ∈ R+, α ∈ R, x0, xτ ∈ X, u ∈ Y ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå x ∈ C([0, T ]; X) ∩ C1((0, T ); X) çàäà÷è (2) � (4) äëÿ óðàâíåíèÿ (1).
Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî

Hp+1(U) = {u = (u1, u2, ...uj, ...) : u
(p+1)
j ∈ L2(0, τ ; (W 1

2 (0, lj))
∗), p ∈ {0} ∪ N}.

Ïîñòðîèì îïåðàòîðû

〈
Nqu

(q), u(q)
〉

=
∑

Ej∈Eα(Vi)

∞∑
k=1

νjkq(u
(q)
jk )2(t),

ãäå u =
∞∑

k=1

ukϕk, ϕk � îðòîíîðìèðîâàííûå â ñìûñëå L2(G) ôóíêöèè, νjkq � ïîëîæèòåëü-

íûå ÷èñëà.
Ñïðàâåäëèâà
Òåîðåìà 4. Ïðè ëþáûõ λ ∈ R+, α ∈ R, x0, xτ ∈ X, u ∈ Hp+1

∂ (U) ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå çàäà÷è (1)�(4), (7).
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