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We present the numerical analysis of mode of deformation for elastic-plastic material
with shear cracks near the holes. We simulate the process of shear localization on
systems of cuts in a plane domain. The number of shear cracks, their shape, and
positions in the domain are given taking into the consideration the experimental or
theoretical studies. Within the framework of successive loading method, we set the
problem of �nding the �elds of displacement increments and stress increments at each
loading step in the given domain. The algorithm of numerical solution of the posed
problem is constructed on the basis of the �nite element method. An important feature
of the involved problem-oriented �nite element grids is that all their nodes are double
nodes. This allows us to locate the cuts along di�erent families of grid lines. The
developed computational algorithm can be applied to research the interference of shear
cracks and holes in the loaded material at the stage of failure.

Ââåäåíèå

Ïðîöåññû ôîðìèðîâàíèÿ èçîëèðîâàííûõ ïîâåðõíîñòåé ëîêàëèçàöèè ñäâèãîâ, â òîì
÷èñëå è ñäâèãîâûõ òðåùèí, äîñòàòî÷íî ÷àñòî ìîæíî íàáëþäàòü ïðè äåôîðìèðîâàíèè
ìåòàëëîâ, ñûïó÷èõ ñðåä, ãîðíûõ ïîðîä, ãðóíòîâ [1�4]. Äëÿ èññëåäîâàíèÿ êîíöåíòðàöèè
íàïðÿæåíèé â îêðåñòíîñòè îòâåðñòèé è òðåùèí ïðèìåíÿþòñÿ ðàçëè÷íûå àíàëèòè÷åñêèå
è ÷èñëåííûå ìåòîäû [5�9].

Â íàñòîÿùåé ðàáîòå ÷èñëåííûé àíàëèç íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ â
óïðóãî-ïëàñòè÷åñêîì ìàòåðèàëå â óñëîâèÿõ ëîêàëèçàöèè ñäâèãîâ âáëèçè îòâåðñòèé ïðî-
âîäèòñÿ íà îñíîâå àëãîðèòìîâ è ïðîãðàìì, ïîçâîëÿþùèõ ìîäåëèðîâàòü âîçíèêíîâåíèå
è ðàñïðîñòðàíåíèå ðàçðûâîâ ïåðåìåùåíèé â ïëîñêîé îáëàñòè âäîëü ðàçðåçîâ êðèâîëè-
íåéíîé ôîðìû [10, 11].

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì çàäà÷ó î äåôîðìèðîâàíèè îñëàáëåííîé îòâåðñòèÿìè ïëîñêîé óïðóãî-
ïëàñòè÷åñêîé îáëàñòè â óñëîâèÿõ âîçìîæíîñòè âîçíèêíîâåíèÿ è ðàçâèòèÿ â îêðåñòíîñòè
îòâåðñòèé òðåùèí ñäâèãà.

Ïðè ïîñòàíîâêå è ðåøåíèè çàäà÷è áóäåì èñïîëüçîâàòü ìåòîä ïîñëåäîâàòåëüíûõ íà-
ãðóæåíèé. Íà êàæäîì øàãå íàãðóæåíèÿ ñòàâèòñÿ çàäà÷à îïðåäåëåíèÿ ïîëåé ïðèðà-
ùåíèé ïåðåìåùåíèé è ïðèðàùåíèé íàïðÿæåíèé â îáëàñòè ïðè çàäàííûõ óñëîâèÿõ íà
ãðàíèöå. Ïåðåìåùåíèÿ è íàïðÿæåíèÿ â íà÷àëüíûé ìîìåíò âðåìåíè ñ÷èòàþòñÿ èçâåñò-
íûìè.
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Â ýòîì ñëó÷àå áåñêîíå÷íî ìàëîå ïðèðàùåíèå äåôîðìàöèé dεij (i, j = 1, 2, 3) â èññëå-
äóåìîé îáëàñòè ìîæåò áûòü ïðåäñòàâëåíî â âèäå ñóììû óïðóãîé dεeij è ïëàñòè÷åñêîé
dεpij ñîñòàâëÿþùèõ

dεij = dεeij + dεpij. (1)

Ïðèðàùåíèÿ äåôîðìàöèé îïðåäåëÿþòñÿ ÷åðåç dui � âåêòîð ïðèðàùåíèé ïåðåìåùå-
íèé òî÷êè ñ òåêóùèì ðàäèóñîì-âåêòîðîì xi

dεij =
1

2

[ ∂

∂xj

(dui) +
∂

∂xi

(duj)
]
.

Óïðóãàÿ ñîñòàâëÿþùàÿ ïðèðàùåíèé äåôîðìàöèé îïðåäåëÿåòñÿ ÷åðåç ïðèðàùåíèÿ
íàïðÿæåíèé dσij ïî çàêîíó Ãóêà

dεeij =
dsij
2G

+ (1− 2ν)δij
dσ

E
, (2)

ãäå ν � êîýôôèöèåíò Ïóàññîíà, E � ìîäóëü óïðóãîñòè, G � ìîäóëü ñäâèãà, dσ � ïðèðà-
ùåíèå ñðåäíåãî äàâëåíèÿ, dsij � äåâèàòîð òåíçîðà ïðèðàùåíèé íàïðÿæåíèé

dσ =
dσmm

3
, dsij = dσij − δijdσ, (m = 1, 2, 3).

Äëÿ îïèñàíèÿ ïëàñòè÷åñêîãî ïîâåäåíèÿ ìàòåðèàëà èñïîëüçóþòñÿ ôóíêöèÿ òåêó÷å-
ñòè f(σij) è ïëàñòè÷åñêèé ïîòåíöèàë g(σij) [12�14]

f(σij) = T + µσ − κ, g(σij) = T + βσ,

ãäå

T =

√
sijsij
2

, σ =
σmm

3
, sij = σij − δijσ.

Ïàðàìåòðû µ, β è κ õàðàêòåðèçóþò, ñîîòâåòñòâåííî, âíóòðåííåå òðåíèå, äèëàòàíñèþ
è ñöåïëåíèå èëè ïðåäåë òåêó÷åñòè ïðè ñäâèãå.

Â ýòîì ñëó÷àå âîçíèêíîâåíèå ïëàñòè÷åñêèõ äåôîðìàöèé â ìàòåðèàëå îáóñëîâëåíî
êðèòåðèåì

T = −µσ + κ. (3)

Ïëàñòè÷åñêàÿ ñîñòàâëÿþùàÿ ïðèðàùåíèé äåôîðìàöèé ñâÿçàíà ñ ïðèðàùåíèÿìè íà-
ïðÿæåíèé ñëåäóþùèì îáðàçîì

hdεpij = PijQkldσkl, (4)

ãäå h � ñêîðîñòü óïðî÷íåíèÿ,

Pij =
∂g

∂σij

=
sij
2T

+
1

3
βδij, (5)

Qij =
∂f

∂σij

=
sij
2T

+
1

3
µδij. (6)
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Óðàâíåíèÿ ñîñòîÿíèÿ äëÿ óïðóãî-ïëàñòè÷åñêîãî ïîâåäåíèÿ ìàòåðèàëà âûâîäÿòñÿ íà
îñíîâå ñîîòíîøåíèé (1), (2), (4).

Äëÿ ìîäåëèðîâàíèÿ òðåùèí ñäâèãà èñïîëüçóþòñÿ ðàçðåçû êðèâîëèíåéíîé ôîðìû.
×èñëî òðåùèí ñäâèãà, èõ ôîðìà è ðàñïîëîæåíèå â îáëàñòè çàäàþòñÿ ñ ó÷åòîì ýêñïåðè-
ìåíòàëüíûõ èëè òåîðåòè÷åñêèõ èññëåäîâàíèé. Óðàâíåíèÿ ñîñòîÿíèÿ â çîíå ëîêàëèçàöèè
ñäâèãîâ çàìåíÿþòñÿ óñëîâèÿìè íà ðàçðåçàõ, îáåñïå÷èâàþùèìè âîçìîæíîñòü âîçíèêíî-
âåíèÿ ðàçðûâîâ êàñàòåëüíûõ ïåðåìåùåíèé.

Óñëîâèÿ, îïèñûâàþùèå âçàèìîäåéñòâèå áåðåãîâ ðàçðåçîâ, èìåþò âèä ôóíêöèîíàëü-
íûõ çàâèñèìîñòåé ìåæäó íîðìàëüíûìè è êàñàòåëüíûìè êîìïîíåíòàìè âåêòîðîâ ïðè-
ðàùåíèé íàïðÿæåíèé è ïðèðàùåíèé ïåðåìåùåíèé íà áåðåãàõ ðàçðåçîâ.

Íà ïëîùàäêàõ êàñàòåëüíîãî ðàçðûâà ïåðåìåùåíèé âåêòîð íàïðÿæåíèé íåïðåðûâåí.
Ïîýòîìó íà ðàçðåçàõ îòñóòñòâóþò ðàçðûâû(ñêà÷êè) íîðìàëüíîé [dσn] è êàñàòåëüíîé
[dστ ] êîìïîíåíò âåêòîðà ïðèðàùåíèé íàïðÿæåíèé

[dσn] = 0, [dστ ] = 0. (7)

Âîçìîæíîñòü ñêîëüæåíèÿ íà îïðåäåëåííûõ ó÷àñòêàõ ðàçðåçîâ ðåàëèçóåòñÿ ïðè âû-
ïîëíåíèè óñëîâèÿ òðåíèÿ Êóëîíà, ñâÿçûâàþùåãî íîðìàëüíóþ è êàñàòåëüíóþ ñîñòàâëÿ-
þùèå âåêòîðà ïðèðàùåíèé íàïðÿæåíèé

|dστ |+ αidσn = ci, (8)

ãäå αi � êîýôôèöèåíò òðåíèÿ íà i - ì ðàçðåçå, ci � ïàðàìåòð, çàâèñÿùèé îò ñöåïëåíèÿ
è èñòîðèè íàãðóæåíèÿ (i = 1, ..., N).

Âîçíèêíîâåíèå ðàçðûõëåíèÿ ìàòåðèàëà ïðè ñêîëüæåíèè âäîëü ðàçðåçà îïèñûâàåòñÿ
çàâèñèìîñòüþ ìåæäó ñêà÷êàìè íîðìàëüíîé [dun] è êàñàòåëüíîé [duτ ] êîìïîíåíò âåêòîðà
ïðèðàùåíèé ïåðåìåùåíèé íà çàäàííûõ ó÷àñòêàõ ðàçðåçîâ

[dun] = λi[duτ ], (9)

ãäå λi � êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè.
Íà ó÷àñòêàõ ðàçðåçîâ, âäîëü êîòîðûõ íå âîçíèêàåò ðàçðûâîâ ïðèðàùåíèé ïåðåìå-

ùåíèé, íàðÿäó ñ óñëîâèÿìè (7), äîëæíû âûïîëíÿòüñÿ óñëîâèÿ

[dun] = 0, [duτ ] = 0. (10)

2. ×èñëåííûé àëãîðèòì

Àëãîðèòì ÷èñëåííîãî ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ñòðîèòñÿ íà îñíîâå ìåòîäà êî-
íå÷íûõ ýëåìåíòîâ [15]. Îñîáåííîñòüþ ðàçðàáîòàííîãî àëãîðèòìà ÿâëÿåòñÿ çàìåíà ñòàí-
äàðòíûõ êîíå÷íî-ýëåìåíòíûõ ñåòîê ïðîáëåìíî-îðèåíòèðîâàííûìè àäàïòèâíûìè ñåò-
êàìè ñ äâîéíûìè óçëàìè. Ðàñïîëîæåíèå ðàçðåçîâ âäîëü ëèíèé òàêèõ ñåòîê ïîçâîëÿåò
ðàññìàòðèâàòü íåíóëåâûå ñêà÷êè ïðèðàùåíèé ïåðåìåùåíèé äëÿ ëþáûõ ðàñ÷åòíûõ òî-
÷åê îáëàñòè.

Ïðè ïîëó÷åíèè îñíîâíîé ñèñòåìû êîíå÷íûõ ýëåìåíòîâ, êîìïîíåíòû òåíçîðîâ ïðèðà-
ùåíèé äåôîðìàöèé {dε} è ïðèðàùåíèé íàïðÿæåíèé {dσ} â êàæäîì êîíå÷íîì ýëåìåíòå
çàïèñûâàþòñÿ â âåêòîðíîé ôîðìå

{dε} = {dε11, dε22, dε33, 2dε12, 2dε13, 2dε23}T ,
{dσ} = {dσ11, dσ22, dσ33, dσ12, dσ13, dσ23}T .
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Â ýòîì ñëó÷àå çàêîí Ãóêà (2) ïðèíèìàåò âèä

{dσ} = [D]{dεe}, (11)

ãäå [D] � ìàòðèöà óïðóãèõ êîíñòàíò.
Àíàëîãè÷íî ïðåäñòàâëÿþòñÿ è ïðèðàùåíèÿ ïëàñòè÷åñêèõ äåôîðìàöèé (4)

{dεp} = h−1{P}{Q}T{dσ}, (12)

ãäå âåêòîðû {P} è {Q} îïðåäåëÿþòñÿ íà îñíîâå ôîðìóë (5), (6).
Ñîîòíîøåíèå (1) ïðèíèìàåò âèä

{dε} = [D]−1{dσ}+ h−1{P}{Q}T{dσ}. (13)

Òàêèì îáðàçîì, ïîëó÷àåì âûðàæåíèå, ñâÿçûâàþùåå ïðèðàùåíèÿ íàïðÿæåíèé ñ ïðè-
ðàùåíèÿìè äåôîðìàöèé

{dσ} = [D]ep{dε}, (14)

ãäå

[D]ep = [D]− [D]{P}{Q}T [D]

h+ {Q}T [D]{P}
. (15)

3. Ðåçóëüòàòû ðàñ÷åòîâ

×èñëåííîå ðåøåíèå ïîñòàâëåííîé çàäà÷è ïðîâîäèëîñü äëÿ ïëîñêèõ îáëàñòåé, îñëàá-
ëåííûõ ñèñòåìàìè îòâåðñòèé è òðåùèí ðàçëè÷íîé ôîðìû.

Â ÷àñòíîñòè, íà îñíîâå èçâåñòíûõ ýêñïåðèìåíòàëüíûõ äàííûõ è ðåøåíèé â ðàìêàõ
êëàññè÷åñêèõ ïëàñòè÷åñêèõ ìîäåëåé [1, 2], èññëåäîâàëîñü íàïðÿæåííî-äåôîðìèðîâàííîå
ñîñòîÿíèå ìàòåðèàëà â îêðåñòíîñòè êðóãëîãî îòâåðñòèÿ â óñëîâèÿõ ëîêàëèçàöèè ñäâè-
ãîâ íà ñèñòåìàõ ðàçðåçîâ, ðàñïîëîæåííûõ êàê âäîëü îäíîãî, òàê è âäîëü äâóõ ñåìåéñòâ
ëîãàðèôìè÷åñêèõ ñïèðàëåé [16, 17].

Â ðàáîòå [18] ðàññìàòðèâàëîñü äåôîðìèðîâàíèå óïðóãîé ïðÿìîóãîëüíîé îáëàñòè ñ
ïðÿìîëèíåéíûìè òðåùèíàìè âáëèçè ñèñòåì èç äâóõ èëè òðåõ êðóãîâûõ îòâåðñòèé.

Ïîëó÷åííûå â õîäå ÷èñëåííîãî ðåøåíèÿ êèíåìàòè÷åñêèå êàðòèíû äåôîðìèðîâàíèÿ
êà÷åñòâåííî ïîâòîðÿþò ñîîòâåòñòâóþùèå êàðòèíû, íàáëþäàåìûå â ýêñïåðèìåíòàõ.

Íà ðèñóíêå ïðåäñòàâëåíû èçîëèíèè ôóíêöèè òåêó÷åñòè äëÿ ïðÿìîóãîëüíîé îáëàñòè
ñ ÷åòûðüìÿ îòâåðñòèÿìè êðóãëîé ôîðìû è äâóìÿ ñäâèãîâûìè òðåùèíàìè.

Âñå âåëè÷èíû â çàäà÷å ÿâëÿþòñÿ áåçðàçìåðíûìè. Â êà÷åñòâå õàðàêòåðíîãî ëèíåéíî-
ãî ðàçìåðà âûáðàí ãîðèçîíòàëüíûé ðàçìåð ïðÿìîóãîëüíèêà, â êà÷åñòâå õàðàêòåðíîãî
íàïðÿæåíèÿ � 10−2E.

Ïðè ðàñ÷åòàõ ïðèíèìàëèñü ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ: ν = 0.3, κ = 2.4, ci = 0,
αi = 0.27, λi = 0, β = µ = 0.

Êðàåâûå óñëîâèÿ âêëþ÷àëè â ñåáÿ çàäàííûå íà ãðàíèöå ïðÿìîóãîëüíèêà íîðìàëüíûå
êîìïîíåíòû âåêòîðà ïåðåìåùåíèé (u1 = 0.0028 ïðè x2 = 0; u1 = −0.0028 ïðè x2 = 1;
u2 = 0 ïðè x1 = 0; u2 = −0.028 ïðè x1 = 1.02).

Êàñàòåëüíîå íàïðÿæåíèå íà âñåé ãðàíèöå ïðÿìîóãîëüíèêà, íàïðÿæåíèÿ íà ãðàíèöàõ
îòâåðñòèé, à òàêæå íàïðÿæåíèÿ è ïåðåìåùåíèÿ â èññëåäóåìîé îáëàñòè â íà÷àëüíûé
ìîìåíò âðåìåíè ïðåäïîëàãàëèñü íóëåâûìè.
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Ðèñ. 1. Èçîëèíèè ôóíêöèè òåêó÷åñòè

×èñëåííûé àíàëèç íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ óïðóãî-ïëàñòè÷åñêèõ
ìàòåðèàëîâ ïîêàçûâàåò, ÷òî ëîêàëèçàöèÿ ñäâèãîâ íà òðåùèíàõ ïðèâîäèò ê óìåíüøåíèþ
ðàçìåðîâ ïëàñòè÷åñêèõ îáëàñòåé â îêðåñòíîñòè îòâåðñòèé.

Ïîñòðîåííûé ÷èñëåííûé àëãîðèòì ìîæåò ïðèìåíÿòüñÿ äëÿ èññëåäîâàíèÿ âçàèìíîãî
âëèÿíèÿ ñäâèãîâûõ òðåùèí è îòâåðñòèé íà ñòàäèè ðàçðóøåíèÿ â íàãðóæåííîì ìàòåðè-
àëå.
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