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Optimal filtering problem

Signal observation model is described by the Ité6 SDEs:

dX(t) = f(t, X (¢))dt + o (t, X (¢))dW (t), X(to) =Xo, (1)
dY (t) = c(t, X (t))dt + C(t)dV (t), Y (to) =Yy =0, (2)

where
m X € R" is a state,
m Y € R™ is an observation,

m t € [to,T] is a time,

ft,x): [to, T] x R™ = R™, o(t,
c(t,x): [to, T] x R™ — R™, ((t): [to, T] — R™*, [C(t)C"(t)] # O,

2): [to, T] x R — R™*,

W (t) and V (t) are s- and d-dimensional Wiener processes,

m X is an initial state with a probability density ¢o(z) (W(t),

V(t) and X, are independent).
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Optimal filtering problem

The optimal filtering problem is to find an estimate X (t)
given the observations Y = {Y (1), 7 € [to,t)}:

X(t) = v(t, ),

where the function (¢, Y{) satisfies for all ¢ € [to, T
the following condition:

E[(X() - X®)"(X() - X®)] » min.

In this case
SV = E[X@ONE] = / £p(t, 2 V)d,
Rn

where E[-] is the expectation or mean, p(t,z|Y{) is
the conditional probability density of the state X.
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Equations for conditional probability densities

Duncan-MortensenZakai equation’:

dp(t, x| YY)

) _ ot o) +u<t v, dY“)>w<t,x|Y5>,

dt
(to,z) = po(z), (3)

where A is the forward diffusion operator:

n fltx ta:|Y0)] 1 s o 02 [gij(t,2)(t, 2[VY)]
Ap(t,z|Y) = ; T3 ;; 0z;0x;

=~V (f(t2)lt,al¥)) + 5 [TV (glt, 2)elt, V)],

g(t,x) =o(t,x)o" (t,x),
M. Zakai, “On the optimal filtering of diffusion processes,” Zeitschrift
fir Wahrscheinlichkeitstheorie und Verwandte Gebiete, vol. 11, no. 3,
pp- 230243, 1969.
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Equations for conditional probability densities

and the function u(t, x, z) is specified by expressions

:u(ta z, Z) = Z Z Ck:(t> x)ri(t) <zr - % CT(tv .1‘))

k=1r=1

Il
o

“(talo) (2 - gete.0))

q(t) =n~'(t), ) =) ().

The function p(t,x, z) is called an absorption and recovering
intensity? or a potential function?.

2K. A. Rybakov, “Solving approximately an optimal nonlinear filtering
problem for stochastic differential systems by statistical modeling,” Numer.
Anal. Appl., vol. 6, no. 4, pp. 324-336, 2013.

3P. Del Moral, Feynman—Kac Formulae: Genealogical and Interacting
Particle Systems with Applications, Springer, 2004.
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Optimal estimation

Weight function:

- exp{/t: cT(T,X(T))q(T)dY(T)—;/t: cT(T,X(T))q(r)c(T,X(r))dT}.

So, the estimate X (t) is the normalized weighted mean:
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Particle method (particle filter)

Numerical method:
Xiy1 = Xg + hf (te, Xi)) + Vho (tg, X)) AWy, k=0,1,...,N -1,

WE+1 = Wk EXP{CT(tk, X3)q(tr) (Y (thgr) = Y(tr))

1
5 CT(tkan:)(I(tk)C(tkaXk)h}7 wo = 1,

where h = (T — to)/N, tr, = to + kh, AWj, ~ N(0, Isxs).
Estimations:

M
N N 1 L .
X(ty) = X = o E wp X, Q= E wy,.
" i=1 -

o(tg, T|Yg*) Zwch r—X}p), plte,x|Yg*) = Zwké
where d(xz — X}) is the Dirac delta function concentrated at X}.
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Equations for conditional probability densities

Robust Duncan-Mortensen—Zakai equation®>:

op(t, z|Ye m
’0(8t|0) = ‘Cp(t,l'hfot) — ZYk(t)*Ckp(t,ZC‘Yg)
k=1

Ohy(t, x
3 ROV Earplt ) — 30 P v )0, i),
k=1r=1 k=1
where

1

4J.8. Baras, G. L. Blankenship, S. K. Mitter, “Nonlinear filtering of
diffusion processes,” in Proc. of the 8th IFAC Congr., Kyoto, 1981, id 23.1.

5X. Luo, S. S.-T. Yau, “Complete real time solution of the general
nonlinear filtering problem without memory,” IEEE Trans. Autom. Control,
vol. 58, no. 10, pp. 2563-2578, 2013.
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Equations for conditional probability densities

and Ly = [Hy, L], Lir = %[Hk,ET] = %[Hk, [Hr, L]], Hi are
the multiplication operators with multipliers hy (¢, x):

= qur(t)cr(t, x), k=1,2,....,m.

Conditional probability densities:

p(t,z|Y]) = exp{ th b ) Ye(t }@(taﬂﬂyot)»

—hT(t,2)Y (t)

p(t, $|Yo)
Jgn o(t, 2|YE)d

p(t, z|YY) = t e [to, T).
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Equations for conditional probability densities

Robust Duncan—Mortensen—Zakai equation:

Op(t, x|Yy)

L = Ap(t,z|Y]) +v(t, 2, Y (1) p(t,2[Y]),  (4)

where

= V" (F(t,2, Y (1) plt, 2I¥D)) + %tr[vvf (9t 2)o(t, 1Y),

The initial condition is determinated by p(to, z|Y{]) = ¢o(z),
since exp{—h"(tp,z)Yo} = 1.
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Equations for conditional probability densities

and
filt,z,y) = fi(t, z) Zykgl (t,x), gr(t,z)= %tr[g(t,x)VVThk(t, z)],
v(t,z,y) == > yn(f*(t ) + 1" (t +%ZZWM (t,z)
k=1 k=1r=1
1y o, Ohi(t ) fk( z) = V' hi(t,z) f(t, ),
_§;hk(t,x)ck(t,x)—k:1yk a ' g 7‘( z) = V" hi(t, 2)g(t, ) Vhe(t, z),
or

ez, = 0.2) ~ g(t. )| 522 |,

T 8héi;x) flt,x) — %tr[g(t,x)va (y"h(t,2))]

1 ¢ Oh(t,x) Oh(t,x)1" 1 ¢ 1 Oh(t,x)
2y o g(t,m){ o y 2h (t,z)c(t,x) —y ETE

v(t,z,y) = —y
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Optimal estimation

Auxiliary stochastic system is described by the Itd6 SDE:
dX (t) = f(t, X (), Y (t))dt+o(t, X (t))dW (t), X(to) = Xo, (5)

where t € [tg, T; W(t) is an s-dimensional Wiener process
(W(t), V(t) and X¢ are independent).

Corresponding weight function:

B(t) = exp{/tu(T,X(T),Y(T))dT}.

to
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Particle method (particle filter)
Numerical method:
Xvk+1 = Xk+hf(tka‘%k7 Y<tk))+\/ﬁa(tkﬂ jzk)AWka k= Oa 17 ey N_la

Wrt1 = Wk eXp{V(tk,)?k,Y(tk))h}, wp =1,
where h = (T — to)/N, ti, = to + kh, AW), ~ N(0, I;xs).

Estimations:
p(ty, ©|Yg*) Zwchx—Xk
1 Y -
Xt~ Xe= - Xk = sz*a
k i=1 =

where @i = @i exp{h” (t, X;i)y(tk)}H and

M M
plt V) = S0 (e — X)), plt, oY) ~ = Z”*éx—xk.

i=1 =
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Aspoaunnammaeckoe Topmorkerrne CA B armocdepe Mapca

[Ltockoe MpoIoIbHOE IBUKEHME TIEHTPA MaCC CIIyCKAeMOTO
almmapaTa Ha yJacTKe a’3pOLMHAMUIECKOIO TOPMOXKEHUS
B arMocdepe Mapca ormcbiBaercs: cucremoit OJ1YS:

Ox

V(t) =—— p(H(t))Vz(t) — gsinf(t),

2
00 =G pHOW D) - (55~ 74 g0 ) o500

H(t) = V(t)sin(t),

rue V(t) — ckopoctb, 6(t) — yroa HaKJIOHA TPAEKTOPHH,
H(t) — BbIcoTa 1OI€TA.

STlanrenees A. B., Pynenko E. A., Boprakosckuit A. C. Henuneitabre
CHCTEMBI yIIPaBJICHUs: ONUCaHue, aHaau3 u cuare3. — M.: Bysosckast
kHura, 2008.
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Aspoaunnammaeckoe Topmorkerrne CA B armocdepe Mapca

O6o3Ha4CcHAS:

o, = 1/150 M2 /xr — GammmeTHUecKHit mapameTp, g = 3.72 m/c?
— yckopeHue cBobosgaoro najienusi, R = 3400 km — pajuyc
wianersl, p(H) = poe’BH — ILIOTHOCTH aTMochephl

¢ napamerpamu pg = 0.013 KP/M3 u B =0.09 km~ 1,

k(t) = % arctg(t — t') — koadbdunuent scpdbexruBHOrO
adPOINHAMUIIECKOTO KAIeCcTBa, KOTOPBIN M3MEHsIeTC s

C TIOMOIIBIO TTPOTPAMMHOTO PA3BOPOTA CIIYCKAEMOI'0 ammnapara
1o Kpeny B MoMeHT Bpemenn t' = 45 ¢, ky = 0.3 —

basTucTUIecKuit K03(pOUIIMEHT KaIeCTBA.
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Aspoaunnammaeckoe Topmorkerrne CA B armocdepe Mapca

ABTOHOMHas U3MEpHUTEIbHASA CUCTEMA JATIYUKOB IIE€PErpy3KH
(aKcesIepoMeTpoB), YCTAHOBJIEHHBIX Ha TUPOCTAOHIM3NPOBAHHOMN

mwrardgopMe, KOTopasi OpHEHTUPOBAHA, TI0 MECTHOM BepTI/IKaJII/I7Z
na(t) = 5 p(H() V(1) (cos B(t) — k(1) sinf(1)) + GuN1 (1),
ny (t) = 2% p(H (1)) V2(t) (sin 6(t) + k(t) cos (1)) + GuNa(),

rie Ni(t) m Na(t) — HezaBuCHMBIE TayCCOBCKUE GeJIble IIyMBbl,
aJuTUBHAs oMexa uHTeHcuBHocTU (, = 0.01.

"CrarncTuyeckast IUHAMIKA ¥ OINTHMI3AIMS YIIPABICHHS JIETATEIbHBIX
ammapatos / Ilox pen. Kpacunpmukosa M. H., Mansimesa B. B. — M.:
Asbsine, 2013.
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Aspoaunnammaeckoe Topmorkerrne CA B armocdepe Mapca

HeobxomumocTs onieHUBaHUST TPAEKTOPUY BHI3BAHA HETOYHBIMU
HavaJbHBIMU JIAHHBIME BX0Jia B arMocdepy. s HOMUHAIBLHOTO
pexkxuma

Vo=V(0)=6wm/c, 6y=06(0)=—-18° Hy= H(0) =100 Ku,
pasbpoc 3a1aeTcsl CPeIHEKBAPATHIECKIM OTKJIOHEHUEM:

oy =15 m/c, op=1° oy =7TKwm.

Jlj1st pocTOTHL OyAeM cYuTaTh BeauduHbl Vo, 6y u Hy
rayCCOBCKUMU C MATEMATHIECKUMU OYKHIAHWSIMU,
OIpeIesIsieMbIMI HOMUHAJIBHBIM PEXKUMOM, U YKA3aHHBIMU
CPEeIHEKBAIPATUIECKUME OTKJIOHEHUSMU, IIPEIIT0Iarast
9TU BEJIUIUHBI HE3aBUCUMBIMH.
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Aspoaunnammaeckoe Topmorkerrne CA B armocdepe Mapca

CBs3b € 00II€eil TOCTAHOBKOI 3a/1a41 ONTUMAJIbHON (DUIbTpaInn:

X1 V VO
Zl Ng
X= X2 = 9 5 X(): 00 (’I‘L:?))7 7= 7 :|: :| (m:?)
X; H Ho ? v

Kosddunmenrsr B ypaBHeHUN 06beKTa HAOJIIOIEHUS:
Oz 2 .
—5 p(zs)x] — gsinzs

0
F(t,2)= %p@g)xlk(t)_(i_ il >x , o(t,z)= g (s=1).

T1 R+ x3

1 Sin xo

KosdduimenTsr B ypaBHEHIN M3MEPUTEIBHOM CHCTEMBI:

o o, | cosma — k(t)sinzs | G 0 _
C(t,ﬂ,’) - 7[)(1‘3)1‘1 |: sinmz +k’(t) oS T3 :| ) C(t) - |: 0 Ca :| (di 2)
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Aspoaunnammaeckoe Topmorkerrne CA B armocdepe Mapca

Dj\ X(t) ) Y (1)
N e e
/ _i V...-J'

30 100 150 0 30 100 150

7‘\"‘[#” Zlte)

0.3 \ 0
=01
—\\

) 50 100 150 ) 50 100 150

N

e

Ob6o3navennst KOOPIUHAT: CKOPOCTD, YTOJ HAKIOHA, BLICOTA.
W3mepenusi: npoexius 1, npoekiust 2.
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Aspoaunnammaeckoe Topmorkerrne CA B armocdepe Mapca

Jilte, X (), Z(t)) vt X (). Y (1))

-1 P -0.05 .'

_2 1 -015

WHTEeHCUBHOCTH U3MEPEHUsT BECOBBIX KO3(DPUIIMEHTOB IPH
[IPUMEHEHUH METOJIOB YaCTHIl, CJIEBa — Ha OCHOBE YpPaBHEHUSI
JIM3, cipaBa — Ha OCHOBe pobacTHOro ypasHenust JIM3.
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