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Economic system

Production functions

@ Cobb and Douglas

o Leontief

o CES function

o Mukerji

@ non-homotetic CES function
@ translogarithmic function

@ VES function

°

generalized Leontief function

PROFIT = INCOME — COSTS — max
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Multicriteria model < X, f >

X is a set of feasible solutions (alternatives), X C R™;
f="(f1,..., fm) is a vector criterion, f: X — R™.

The Pareto set (in terms of X)
P(X) = {z € X | #a* € X : f(z") > f(z)}.

A set of feasible outcomes Y = f(X).

The Pareto set (in terms of Y')
PY)={yeY |d*eY y* >y}

y >y oyl >y forallie{1,2,...,m}, and y* # y.
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Multicriteria choice model < X, f, >=>

@ a set of feasible solutions (alternatives) X;
@ a vector criterion f = (f1, fa,..., fm) defined on set X;

@ an asymmetric binary preference relation of the DM > defined
onset Y = f(X),

Preference relation > of the DM [Noghin]

f(@) = f(2") : 2’ is preferred to x”

Al: f(2') = f(2") = 2" ¢ opt. choice within the whole set X.
A2: > is irreflexive and transitive.

A3: >~ is compatible with each criteria f1, fa, ..., fin-

A4: = is invariant under linear positive transformation.
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Reduction of the Pareto set

The Edgeworth—Pareto principle [Noghin]

C(X) C P¢(X) Vae X,VC(-) under A1-A4,

where C'(X) is an optimal choice.

"Quantum of information” about relation > [Noghin]

A — B with wz-,wj>0
YyeR™: yi=wi, yj=-wj, ys=0: y>0;
VieA VjeB Vs¢ A, DB;
where I ={1,2,....m}, ABCI, A#0, B#0, AnB=.

"New” multicriteria problem < X, g >

9=F(f(),{w: Vi € A}, {w; Vj € B})

C(X) C Py(X) C Py(X)




Statement of economic model

Denote by K and L quantities of the basic production assets and
the labor resources respectively.

Production CES function
Q=F(aK "+ (1—a)L™")~ /")

where @ is a quantity of output, F' is a factor productivity, a is a
share parameter, r is a parameter such that the quantity 1/(1 + r)
is the elasticity of substitution.

F>0,0<a<l1, r>-—1.

Objective functions (criteria)

f= (i o fo);

f1 is the labor costs, f is the costs of the basic production assets,
f3 is the cost of the manufactured products.

fl(KaL):_pKK’ fZ(KaL):_pLLa

f3(K,L) =p,Q = p, FaK ™"+ (1 —a) L")/,
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Multicriteria economic choice problem

o X ={r=(K,L)eR?|K,L >0}
o f(K,L)=(fi(K,L), fo(K,L), f3s(K, L)) defined on set X;
o preference relation of the DM - defined on set Y = f(X),

Two "quanta of information” about relation >~

(1) (2)

wy —wy
(P1): O = wél) . (P2): y®@ = —wéQ) :
(1) (2)
—Ws w3

such that the relations y) > 05 and ¥ = 03 hold.

Condition of consistency

wgl)/wgl) > w§2)/w§2), wgl)/wél) > wéz)/w:(f).
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Using (P1), (P2) information

Note, that Py(X) = X.

Theorem [Klimova, Noghin]
Given information (P1) and (P2), the condition of consistency

holds.

C(X) C Py(X) C Pp(X), where g = (913, 923, 931, 932) :
g13 = wgl)f:a - wg(')l)fla 923 = wél)fs - w;(gl)fz,
gs1 = w§2)f3 + w:(;2)f17 g32 = w§2)f3 4 w§2)f2-

q13(K, L) :wgl)pQF(aK_’" +(1— a)L_T)—%“ — wgl)pKK,
923(K, L) :wél)pQF(aK_’" +(1- a)L_T)%T — wél)pLL,
931(K, L) :w§2)pQF(aK_r +(1- a)L_T)%T - w:(f)pKK,
g32(K, L) —wémeF(aK_r +(1- a)L_T)%T — w:(f)pLL.
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Finding the Pareto set P,(X)

The set of feasible solutions X is convex; functions g13(K, L),
g23(K, L), g31(K, L), and gs2(K, L) are concave on set X.
= Theorem of Karlin and Hurwicz:

f%()():=arggggg(w($)%
where

4,0(33) = )‘1913(K7 L) + >\2923 (Ka L) + >\3931 (Ka L) + >‘4932(K7 L)v
A1, A2, Az, Ag > 0, 2?:1)\1‘ =1.

i [ (G + xsw)\ T a
0= =50 ) ©) T 1-a
ap, (Aaws’ + Aqws”’)

Py(X) = {(Ko, Lo) € X | (1) holds}
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Fuzzy multicriteria choice model < X, f, >

@ a set of feasible solutions (alternatives) X;
@ a vector criterion f = (f1, f2,..., fm) defined on set X;

@ a fuzzy preference relation of the DM i defined on set

Y = f(X).

Fuzzy preference relation p of the DM [Noghin]

w:Y xY —[0,1]

w(f(x), f(2") = pu* : ' is preferred to 2" with degree of
confidence p*.

Al: p(f(2), f(2") =pu* = 2" ¢ opt. choice within the whole
set X with degree of confidence 1 — u*.

A2: 4 is irreflexive and transitive.

A3: 1 is compatible with each criteria f1, fo, ..., fimm-

AA4: 4 is invariant under linear positive transformation.
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Reduction of the Pareto set (fuzzy case)

The Edgeworth—Pareto principle [Noghin]

Mo (2) < AP (z) VzeX, VYASG() under A1-A4,

where A§(-) is a membership function of optimal choice.

"Fuzzy quantum of information” about relation p [Noghin]

A — B with w;, wj>0, ,U*G[O,l]
YER™: y=w;, yj=-wj, ¥Ys=0: p(y,0n)=p"
VicA VjeB Vs¢ A B;
where I ={1,2,....m}, ABCI, A#0, B#0, AnB=.

Series of "new” multicriteria problems < X, ¢' >
g =F (f(), {w; Vi € A}, {w; Vj € B}),l € {1,2,...,k}

C(X) C P(X) € Pp(X) C ... C Py(X) C PE(X)
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Fuzzy multicriteria economic choice problem

o X ={z=(K,L)eR?|K,L >0},
o f(K,L)=(fi(K,L), fo(K,L), fs(K, L)) defined on set X;

o fuzzy preference relation of the DM p defined on set

Y = f(X),

Two "fuzzy quanta of information” about relation p

w® @
1 1
(FP1): yW =] Y |, (FP2): y@=[_u? |,
G w®
3 3

such that the relations x(y("),03) = 1 and u(y®, 03) = o hold.

4

Condition of consistency

1 1 2 2 1 1 2 2
i fwh?) > wi? g,y fw > wi? ful?.

4
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Using (FP1), (FP2) information (11 > 2)

Construct A¥ (-) of fuzzy set M.

1. Problem < X, f, =>

No additional information.
Pr(X)=X M(z)=0 Vze X\ P(X).

<
b)

2. Problem < X, f, >

<X, f,=> + (P1)
f= T fa o) fi=h. fo=fo s=g13= w§1)f3 +w;(),1)f17

Ja=g23= wél)f:a + wg(),l)f2-
MW(z)=1—m VzePr(X)\ Pr(X)

3. Problem < X, g, >

<X,f,=> + (P1)and (P2)
M(z)=1-ps Vze Pr(X)\ Py(X), M(z) =1 V€ Py(X).
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Using (FP1), (FP2) information (11 > 2)

We get the collection of nested sets:

C(X) C Py(X) € P(X) C Py(X), |

or in terms of membership functions

A (z) < A (z) < Mo (z) VzeX. J

MY (-) is a new fuzzy upper bound of the optimal choice J
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Constructing membership function MY (+)

MW(@)=1-w Vr=(KL):

=1

L=K ((U—@W)H - 1aa) for all positive o1, Aoz,

apLAOZ
no such positive quantities A1, Ao, A3, and A4 that
()\1 aF w:(;l))\g)/\m == ()\2 + )\4’[1):()’1)))\02

MW(@)=1-py Vz=(K,L):

-1
L=K (1—a)pi Gotrawi) \ 157 4
- ap ()\1+)\ w(l)) 1—a
I 3W3

for all positive A1, A2, A3, and Ay, F N =1,
no such positive quantities \13, Aoz, A31, and A3o that
(Al =+ )\3w§2))(>\13w§1) aF )\31’11}(2)) =

(1) (1) (2)
= ()\2 -+ )\4w3 )()\23w3 + )\3271)3 )




Constructing membership function MY (+)

M (z)=1 Vo= (KL):

—_r —
1 2 o r
L-K <<1—a>pK<m(;§g>+mg>>>w . )

ap; (A23ws +>\32w§2))

for all positive \13, \o3, A31, and A3a,
A3+ A2z + Az1 + Azp = 1.
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Using (FP1), (FP2) information (11 < p2)

Construct A¥ (-) of fuzzy set M.

1. Problem < X, f, =>

No additional information.
Pr(X)=X M(z)=0 Vze X\ Pr(X).

2. Problem < X, f,=>

<X, f,=> A + A (P2)
f=fofs): fi=gs1 = w?)fs +w§2)f1,

fo=gs2 = w§2)f3 + w§2)f2, fa=1fs
M (@) =1—ps Ve Pr(X)\ Pp(X)

3. Problem < X, g, >=>

<X,f,=> + (P1l)and (P2)
M(z)=1-p Vze Pf(X)\Pg(X), M(z) =1 Ve Py(X).
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Conclusions

1. We consider 3-criteria economic choice problem with CES
production function

2. We introduce the DM’s preference model, where the group of
the resources costs is more important then the income with
corresponding parameters, and vice a versa

3. We investigate the reduction of the Pareto set using
aforementioned model of preferences and evaluate it analytically
4. We consider the fuzzy preference model generalizing
aforementioned information

5. We show how use the fuzzy preference information and construct
analytically the membership function of fuzzy set, which is an
bound for the optimal choice
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Thank you for your attention!
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