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Signal
model

Optimal estimation problem

Signal model is described by the 1t6 SDEs with a compound

Poisson process:
dX(t) = f(t, X(t))dt + o (t, X (t))dW ()

+/ v(t, X (¢7),&)v(dt x d§), X(0) = X,
R4

where

o t €T =[ty,T] is a time, X € R™ is a state,
ft,2): Tx R = R", o(t,z): T x R™® — R™**,
W (t) is s-dimensional Wiener process,
v(t,x,€): T x R" x R? —» R™,

v is the Poisson random measure on T x R? with the
characteristic measure IT,, w(¢,z,£): T x R® x R? — R,

e 6 o o

(]

Xy is an initial state with a probability density yq(x).

(1)
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Let A(t,z): T x R™ — R4 denote the intensity and let
P(t,6): T x R — R4 denote the probability density
function for jumps (random increments of the state vector).
Thus, for v(t,z,&) =&

Pr(P(t+ At) — P(t) = 1] X(t) = z)
= A\t,x)At + o(At) (2)

for small At > 0, and
X(Tj):X(Tj_)—l-Aj, j=12,... (3)
where Pr is a probability, P(t) is the Poisson process,

(7, 6) is the probability density function for Aj;, {7;} are
points of the Poisson process P(t), 1o = 0.
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Observation model is described by the Ité6 SDEs:
dY (t) = c(t, X (¢))dt + C()dV (t), Y(0)=Yy=0, (4)

where
e Y € R™ is an observation,
o c(t,r): T x R™ — R™, ¢(t): T — R™%4, |C(t)¢T(t)| # 0,

e V(t) is d-dimensional Wiener process
(W (t), V(t) and Xy are independent).
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Optimal estimation problem

The optimal estimation problem is to find an estimate X (0)
given the observations Y = {Y (), 7 € [0,t]} such that
X(0) = (0, YY), where the function (8, -) satisfies for all
0 € T the following condition:

E[(X(0)—X(0)) (X(0) —X(9))] — w%i,p) :

This implies that X (0) = ¢(0, Y{) = E[X(0)|Y{].

For 6 =t we have the filtering problem, for § <t and 6 >t
we have the smoothing problem and the prediction problem,
respectively.



Main results in the theory of diffusion processes
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OPCS 2019 o Stratonovich-Kushner equation for the conditional
) probability density function (end of the 1950s).

e Kalman-Bucy filter (beginning of the 1960s).

@ Duncan—Mortensen—Zakai equation for the
unnormalized conditional probability density function
(second half of the 1960s).

e o Kallianpur—Striebel formula for the probabilistic
representation of the conditional probability density
function (end of the 1960s).



Approximation methods in the theory of diffusion
processes filtering
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Pirterimg
OFCH 2018 e Linearization of the signal and observation equations
(Kalman-type filters).
@ Methods based on parametric or functional
approximation of the conditional probability density.
e Conditionally optimal filtering (optimizing the filter
o structure).
heory e Statistical modeling method, or Monte Carlo

method (Particle filters).



Duncan—Mortensen—Zakai equation

MCSM in The equation for the unnormalized conditional probability density
Qomel function (t, a|Y{):
OPCS 2019 Ao(t, z|YY) dY (t)
( ) TO ZEQO(t,l‘D/Ot)-F/L t7x77 w(t7T|YOt)
with the initial condition ¢(tg, 2) = po(x), where
"9
Lolt,x|Vg) == o it )e(t, 2l YE)] +
i=1 "
Y P ot Y] - A )t 2l +
theory 2 =1 j=1 61‘181‘J A ’ 0 ’ ’ 0

[ MEOU - et e glt.o) = olta)o” (t.0),

it ,2) = ¢t (1) 2 — gt mn (Delt, ).



Statistical modeling method

MCSM in To find the approximate solution of the filtering problem it is necessary
FC‘)iI])ttei:ilr?; to simulate M sample paths X*(¢) of the random process X (t) and the

corresponding paths w’(t) of the weight function w(t) by a numerical

OP(CS 2;)19 method for relations
dX(t) = f(t,X(t))dt + o(t, X (t))dW (t)
+ /}Rq o(t, X(t7),&v(dt x d€), X(0) = Xo, (1)
and
w(t) = exp{/o ,u(T,X(T), LZE_T))CZT} =
Modeling = exp{/o ¢’ (T,X(T))n_l(T)dY(T)

_%/O CT(T,X(T))n_l(T)c(T,X(T))dT} (5)

taking into account points of the Poisson process P(t).
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For example, using the Euler-Maruyama method for SDE
without a compound Poisson process we have

Xp1 = Xp + hf(te, Xp) + Vho(tr, Xe)Cr G ~ N(0, Iixs),

Wht1 = Wk eXP{CT(tk, X (tr) (Y (trgr) — Y (1))
_% cT(tk, Xk)nl(tk)c(tk,Xk)h}, wo = 1,

where {t;.} is a discretization of the time interval T with a
step size h > 0:

T
tk+1:tk+h7 k:17277N7 t0:07 tN:T7 N:E
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The exact solution of the optimal filtering problem is

Elw(®)X(0)]

X(0) = BIX(0) %) = 5

The approximate solution of the optimal estimation problem

is u L
R (1) ~ Kn — (Z w;) S WX,

i=1 i=1
where the index k corresponds to the current time ¢t = ¢,
and the index x corresponds to the time 6 = t, for which
the state vector estimate is calculated. The higher order
moments can be also found as well as estimations of
the probability density function or distribution function
of the state vector.



Maximum cross section method
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¢ @ Solution of the transfer equation.
@ Analysis of jump-diffusion systems.
o Analysis of switching diffusion systems (systems with
random structure).
o Estimation in jump-diffusion systems.
e Estimation in switching diffusion systems (systems with
random structure).

MCSM
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If there exists A\* such that A(¢) < A*, then the random time
between neighboring points 7; and 7;41 should be simulated
as follows

9
T=0\, N= min{ﬁ: ay < W}, Oy = Zgi,
i=1
where ¢1,€2,...,¢Y, ... is a sequence of independent random
variables having the exponential distribution with the rate
parameter \*: £ = —1n 3;/\*; oy, 9, ..., Qy, ...,
61, 82,...,09,... is a sequence of independent random

variables having the uniform distribution on the interval
(0,1), and A(t) = A(t, X (t)).
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The modified maximum cross section method is more
efficient due to fewer random number generator calls,
and for this modified method the number A is defined by

j\/:min{ﬁ: 1—a>ﬁ(1‘W)}’

where « is a random variable having the uniform
distribution on the interval (0, 1).
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Signal and observation model includes two equations
dX(t) = uX(t)dt + odW (t)
+/ v(t, X (t7),&)v(dt x d§), X(0) =X, =1,
dY (t) = X%)dt +¢dV(t), Y(0)=Yy=0,

where X, Y € R, t € T =[0,1], W(t) and V (t) are
one-dimensional standard Wiener processes. The compound
Poisson process P¢(t) is defined by the intensity

At,z) =et (1l +cosx), ie, \* =2¢, and the standard
normal distribution for jumps; u, o, € are parameters.



Numerical example

MCSM in
Optimal
Filtering Filtering algorithms are used with following parameters:
opcs 2019 time discretization step h = 0.001 for the Euler-Maruyama
¢ method, sample size M = 10*, = 0.15, 0 = 0.1,

e = 1;5;10; 50; 100.
Algorithms for the Poisson point modeling:
1. Algorithm based on the simple Poisson point modeling

(points are modeled approximately so that they coincide
with some points of the discretization {tx}).

2. Algorithm based on the maximum cross section method.

3. Algorithm based on the modified maximum cross
Numerical section method.

example
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Optimal Random number generator calls:
Filtering
OFCH 2018 . Algorithm
1 2 3
1 10000000 29864 28223
5 10000000 109848 88773
10 10000000 209526 158329
50 10000000 1011466 623500
100 10000000 2005794 1163052

Table illustrates random number generator calls to simulate
points of the Poisson process only (random number generator calls
Numeri to simulate the Wiener process increments and jumps are not
umerical .
example taken into account).
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Signal and observations (e = 5):
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Numerical example
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i Signal, mean, filtering result, smoothing result
for 6 € [0,0.25], prediction result for 6 € [0.75,1]:
OPCS 2019
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