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SUMMARY

In consideration:

• On asymptotically optimal approach to solvability hard
discrete optimization problems
• Statenent of the Given-Diameter MST problem.
• An approximation algorithm A for solving the problem.
• A probabilistic analysis of Algorithm
• Su�cient conditions of asymptotic solvability the
Given-Diameter MST problem.



Ââåäåíèå

Îñí. ôàêòîðîì, îïðåä-ì ðåàëèçóåìîñòü àëãîðèòìîâ, ÿâë.
ðàçìåðíîñòü (äëèíà çàïèñè âõîäà) çàäà÷è, êîòîðàÿ â
50-70 ã.ã. ïðîøëîãî âåêà àññîöèèðîâàëàñü ñ ïîíÿòèåì
�ïðîêëÿòèÿ ðàçìåðíîñòè� (curse of dimensionality) �
ýêñïîíåíöèàëüíûì ðîñòîì âðåìåíè ðåøåíèÿ çàäà÷è ïðè
óâåëè÷åíèè äëèíû çàïèñè âõîäíûõ äàííûõ (Ðè÷àðä
Áåëëìàí, 1961 ã.). Â ïðîòèâîâåñ ýòîìó â ðàìêàõ
àñèìïòîòè÷åñêè òî÷íîãî (asymptotically optimal)
ïîäõîäà ðàçìåðíîñòü çàäà÷è ÿâëÿåòñÿ íàøèì äðóãîì è
ñîþçíèêîì.
Ê í/âð. îïðåäåëèëîñü íåìàëî óñïåøíûõ ïðèìåðîâ
ðåàëèçàöèè ïîäõîäà ê ðåøåíèþ òàêèõ çàäà÷ äèñêðåòíîé
îïòèìèçàöèè, êàê çàäà÷è ìàðøðóòèçàöèè,
ìíîãîèíäåêñíûå çàäà÷è î íàçíà÷åíèÿõ, çàäà÷è
êëàñòåðèçàöèè, çàäà÷è ðàçìåùåíèÿ, ïîêðûòèÿ,
ýêñòðåìàëüíûå çàäà÷è íà ãðàôàõ è ñåòÿõ è ò.ï.



Ââåäåíèå

Òðóäíîðåøàåìîñòü ýòèõ çàäà÷ îáóñëàâëèâàåò
àêòóàëüíîñòü ðàçðàáîòêè ýôôåêòèâíûõ àëãîðèòìîâ
ïðèáëèæåííîãî ðåøåíèÿ ñ ãàðàíòèðîâàííûìè îöåíêàìè
òàêèõ ïîêàçàòåëåé êà÷åñòâà èõ ðàáîòû êàê �

âðåìåííàÿ ñëîæíîñòü,
òî÷íîñòü,

íàäåæíîñòü ñðàáàòûâàíèÿ
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Performance guarantees and asymptotical optimality

εA(n) � îöåíêà îòíîñ. ïîãðåøíîñòè àëãîðèòìà A
íà äåòåðì. âõîäàõ îïðåäåëÿåòñÿ íåðàâåíñòâîì:

|WA(I)−OPT(I)|
OPT(I)

≤ εA(n).

δA(n) � âåðîÿòíîñòü íåñðàáàòûâàíèÿ àëãîðèòìà A
íà ñëó÷. âõîäàõ îïðåäåëÿåòñÿ âåðîÿòíîñòíûì íåð-îì:

P
{
|WA(I)−OPT(I)|

OPT(I)
> εA(n)

}
≤ δA(n).

Àñèìïòîòè÷åñêàÿ òî÷íîñòü àëãîðèòìà

Ïðèáë. àëãîðèòì A àñèìïò. òî÷åí, åñëè ïðè n→∞

εA(n)→ 0, δA(n)→ 0.



Þ.È. Æóðàâëåâ: ïî÷òè âñåãäà...

Ðèñ.: Íà êîíôåðåíöèè ïî ðàñïîçíàâàíèþ îáðàçîâ. Áóäâà 2013



Ïåðâûé ïðèìåð àñèìïò. òî÷íîãî ïîäõîäà:

Ãèìàäè�Ïåðåïåëèöà (1969)
Àëãîðèòì ÈÁÃ òðóä-òè
O(n2) äëÿ ÇÊ ñî ñëó÷. äèñ-
êðåòíîé ô.ð. ýë-â ìàòðèöû
(cij) ðàññòîÿíèé

p(k) = P{cij = k}, 1 ≤ k ≤ Kn,

àñèìïò. òî÷åí ïðè

Kn∑
k=1

1

p(1) + . . .+ p(k)
= o(n).

Âèòàëèé Àôàíàñüåâè÷

Ïåðåïåëèöà

Â ñëó÷àå ðàâíîì. ðàñïð. ÈÁÃ àñèìïò. òî÷åí,

åñëè ðàçáðîñ ýë-â ìàòðèöû îãðàíè÷åí âåëè÷èíîé o
(
n/ log n

)



Òåîðåìà Ïåòðîâà vs íåð-âà ×åáûøåâà

Ïåðâûå ðåç-òû ïî îáîñíîâàíèþ àñèìïòîòè÷åñêîé
òî÷íîñòè áûëè ïîëó÷åíû ñ èñïîëüçîâàíèåì íåð-âà
×åáûøåâà. Ïîçæå áîëåå ïðîäóêòèâíîé îêàçàëàñü

Òåîðåìà Ïåòðîâà:

Ïóñòü X1, . . . ,Xn � í.ñë.â. è ñóù-ò. ïîëîæ. êîíñòàíòû T
è h1, . . . , hn òàêèå, ÷òî

EetXj ≤ e
1
2
hjt

2

, (j = 1, n, 0 ≤ t ≤ T).

Îáîçíà÷èì: H =
n∑
j=1

hj. Òîãäà

P
{ n∑

j=1

Xj > x
}
≤
{

exp{−x2/2H} ïðè 0 ≤ x < HT,
exp{−Tx/2} ïðè x ≥ HT,



Ïðèìåðû òðóäíîðåøàåìûõ çàäà÷ ñ ðåàëèçàöèÿìè
àñèìïòîòè÷åñêè òî÷íîãî ïîäõîäà ê èõ ðåøåíèþ

• TSP è m-PSP (îäíîãî è íåñêîëüêèõ êîììèâîÿæåðîâ).
• Ìíîãîèíäåêñíàÿ àêcèàëüíàÿ çàäà÷à î íàçíà÷åíèÿõ.
• Òðåõèíäåêñíàÿ ïëàíàðíàÿ m-ñëîéíàÿ çàäà÷à î
íàçíà÷åíèÿõ.
• Çàäà÷à îòûñêàíèÿ ïîêðûòèÿ ïîëíîãî âçâåø. ãðàôà
çàäàííûì ÷èñëîì íåñìåæíûõ öèêëîâ.
• Çàäà÷è óïàêîâêè â êîíòåéíåðû è â ïîëîñó
• Çàäà÷à îòûñêàíèÿ ñâÿçíîãî îñòîâíîãî ïîäãðàôà ñ
ìàêñèì. âåñîì ðåáåð â ïîëíîì íåîðèåíòèðîâàííîì ãðàôå
ñ çàäàííûìè ñòåïåíÿìè âåðøèí.
• Çàäà÷è ìàðøðóòèçàöèè òðàíñïîðòíûõ ñðåäñòâ (VRP)
• Çàäà÷à îòûñêàíèÿ â ãðàôå ìèíèìàëüíîãî îñòîâíîãî
äåðåâà ñ îãðàíè÷åííûì ñíèçó (èëè ñâåðõó) äèàìåòðîì.



Ìèíèìàëüíîå îñòîâíîå äåðåâî (MST)

The Minimum Spanning Tree Problem (MSTP)

is a one of the classic discrete optimization problems. Given
weighted graph G = (V,E), MSTP is to �nd a spanning
tree of a minimal total weight.

The polynomial solvability of MSTP:

was shown in the classic algorithms by Boruvka (1926),
Kruskal (1956) and Prim (1957).
These algorithms have complexity O(n2) and O(M log n),
where M = |E| and n = |V|.



Random MST

Expectation

Expectation of a weight MST on a random graph
can be unexpectedly small.
For example, on a complete graph with weights of
edges from class UNI(0; 1), the weight of a MST
w.h.p. (with high probability) is close to the
constant 2,02... [Frieze:1985].
Similar results [Angel at al: 2011, Cooper and
Frieze: 2016].



Diameter-Bounded generalization of MST

The diameter of a tree is the maximum number of edges within
the tree connecting a pair of vertices.

Diameter-Bounded MST

Given a graph G and a number d = dn, the goal is to �nd in the
graph G a spanning tree Tn of minimal total weight having its
diameter bounded
1) either above to given number d (d-BAMST), or
2) bounded from below to given number d (d-BBMST)

In the case 1

the problem is NP-hard for any diameter between 4 and n− 1,
even for the edge weights equal to 1 or 2 [GJ].

In the case 2

the problem is NP-hard, because its particular case for
d = n− 1 is the problem HAMILTONIAN PATH [GJ].



Given-Diameter MST

In current report another modi�cation of MST problem is
studied.

d-MST

We consider a given-diameter minimum spanning tree
problem (d-MST) on the complete graph Gn. We introduce
a polynomial-time algorithm to solve this problem and
provide conditions for this algorithm to be asymptotically
optimal.

A probabilistic analysis

is performed under conditions that edges weights of given
graph are UNI(an; bn)-entries (i.e. identically independent
distributed random variables).

First, we describe the algorithm A′ in the case of a directed
graph, and then the algorithm A in the case of an
undirected graph.



Algorithm A′ for �nding d-MST on directed graphs

Stage 1

From arbitrary vertex v0 ∈ V build a path

P(d) = (v0, v1, . . . , vd),

where vk+1 /∈ P(k) is closest to the vk, 0 ≤ k < d.
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Algorithm A′ for �nding d-MST on directed graphs

Stage 2

Let P = P(d), V′ = V \ P.
Every vertex v′ ∈ V′ is connected by the shortest possible edge
with a vertex v(v′) ∈ P \ {v0, vd}.
By E′ we denote the set of edges (v′, v(v′)), v′ ∈ V′.



Algorithm A′ on directed graphs

Approximate solution TA′

As a result we obtainan approximate solution of the problem:
the spanning tree TA′ with a diameter which equal to d = dn,
since when connecting any vertex from V′ to path P \ {v0, vd}
during the Stage 2, the diameter does not change.

The weight of TA′

The weight of the resulting spanning tree TA′ is equal to

WA′ = W(P) +W(E′),

where W(P) =
d∑

k=1

c(vk−1, vk),

W(E′) =
∑
e∈E′

ce.



Algorithm analysis

Time complexity

O(n2)

Since Stage 1 is performed in time O((n− d)2).
On Stage 2 it takes about d(n− d) comparison operations.

Probabilistic analysis

It is assumed that weights of graph edges are i.r.v. η from the
class UNI(an, bn), namely, uniformly distributed on a set

(an, bn), 0 < an ≤ bn <∞.

Two ranges of parameter d

We perform analysis for two cases of values of the parameter d:

Case 1: ln n ≤ d < nθ and Case 2: nθ ≤ d < n,

where θ =
1

e
− 1 ≈ 0, 63.



Algorithm analysis

min over k variables

Put r.i.v. ηk = min over k variables from the class UNI(an, bn);
ξk = min over k variables from the class UNI(0, 1).

Weight of TA′

According to A′, the weight of TA′ equal to

WA′ = W(P) +W(E′) =
n−1∑

k=n−d
ηk +

∑
v′∈V′

ηd−1 =

=
n−1∑

k=n−d
ηk + (n− d− 1)ηd−1 = (n− 1)an + (bn − an)W

′
A′ ,

where W′A =
n−1∑

k=n−d
ξk + (n− d− 1)ξd−1.



Algorithm analysis

Fact 1

EW′A′ ≤ ẼW
′
A′ = ln

n

n− d
+
n− d− 1

d
.

Fact 2

In the case d < nθ ln
n− 1

n− d
< 1.

Fact 3

In the case 1 (d < nθ) the following inequality holds:

EW′A′ ≤ ẼW
′
A′ =

n− 1

d
.

Fact 4

In the case 2 (nθ ≤ d < n) the following estimate is correct:

EW′A′ ≤ ẼW
′
A′ = ln n.



Algorithm analysis

Lemma

The Algorithm A′ for solving the d-MST on entries
UNI(an; bn) has the following estimates of the
relative error

εn = (1+ λn)
(bn − an)

(n− 1)an
,

and the failure probability

δn = λnẼW
′
A′,

where λn > 0.



Algorithm analysis

Main Theorem.
Let the diameter d = dn be de�ned so that

ln n ≤ d < nθ (Case 1) and nθ ≤ d < n (Case 2).

Then Algorithm A′ solves the problem d-MST on
entries UNI(an; bn) with estimates

εn = O
(bn/an
φ(n)

)
, δn =

1

n
,

where
φ(n) =

{
d, in Case 1,

n/ ln n, in Case 2.

So Algorithm A′ asymptotically optimal, if
bn
an

=

{
o(d), in Case 1,
o( n

ln n), in Case 2.



Algorithm A for �nding d-UMST (in the case of
undirected graphs)

Stage 1

Choose an arbitrary vertex v0 and divide all other vertices into
two sets B and W:



Algorithm A for �nding d-UMST (in the case of
undirected graphs)

Stage 1

Choose an arbitrary vertex v0 and divide all other vertices into
two sets B and W:



Algorithm A for �nding d-UMST (in the case of
undirected graphs)

Stage 2

In each set starting at v0 �nd a path of a certain length using
the approach �go to the nearest unvisited vertex�.



Algorithm A for �nding d-UMST (in the case of
undirected graphs)

Stage 3

Connect the white remaining vertices to the nearest inner black
vertices of the path, and the black remaining vertices to the
nearest inner white vertices of the path.
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Conclusion

It would be interesting to investigate
(a) the Random d-UMST problem on input data
with in�nite support like exponential or
trunketed-normal distribution;
(b) the problem of �nding several edge-disjoined
spanning trees with a diameter which is given or
bounded.
(c) Conduct a probabilistic analysis of the
Algorithm A′ on an undirected graph with the
correct account of the dependence of of random
objects that occur along the algorithm.
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