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Interval ExtensionDe�nitionEvery interval fun
tion f that 
ontains the range f (x) is 
alledan interval extension of f

x ∈ x ⇒ f (x) ∈ f (x), if f (x) is de�nedFTIAEvery interval version of an arithmeti
 expression is an intervalextension of the fun
tion de�ned by that expression.ExampleNaive interval evaluation of an arithmeti
 expression.O. Heimli
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General exponential fun
tion xy
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Enlarging the Domain
pow : R×R→R1 positive integral exponents xn= x · . . . ·x2 integral exponents x−n= 1/xn3 rational exponents xm/n= n

p
x

m4 real exponents xy= exp(y · logx)Problems
00?

n
p

x
m ∈R if x < 0?

exp(y · logx) ∈R if x ≤ 0?O. Heimli
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Basi
 fun
tion pow1
pow1 R+×R (x,y) 7→ exp(y · log(x))

pow1: positive VersionDe�nition only for x > 0su�
ient for many appli
ationsIEEE 754 pow and powrmathemati
al well foundeddi�erentiablerestri
ted, smooth domain and range
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minimal Extension pow1
pow1 R+×R (x,y) 7→ exp(y · logx)

powzero {0}×R+ (x,y) 7→ 0
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pow2 Extension 1 of pow1
pow1 R+×R (x,y) 7→ exp(y · logx))

pow2 {0}×R+ (x,y) 7→ 0

R−×Z (x,y) 7→
{

exp(y · log |x|) if y even
−exp(y · log |x|) if y odd
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Variants of pow

pow2: limited Version
omprises all (
ommonly agreed) 
ases of realexponentiationrestri
ted, partially dis
rete domain and range
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Variants of pow


omplex Versionuses prin
ipal bran
h of 
omplex logarithm and 
omplexexponential fun
tion
exp(y · logx) ∈Cwell understood in pure mathemati
snot de�ned for x = 0, 
ontinuous for y > 0as 
omplex fun
tion not suitableBut: restri
tion to real domain yields pow2
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pow3 Extension 2 of pow1
pow1 R+×R (x,y) 7→ exp(y · logx)

{0}×R+ (x,y) 7→ 0

pow3 R−×Qodd (x, m
n

) 7→
{
|x|m/n if m even
−|x|m/n if m odd

Qodd : odd denominators
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Variants of pow

pow3: extended Versionfor x < 0 NOT 
ontinuousvery 
risp domain
ontentious appli
ation, but may be helpful
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De�nition of Interval Fun
tions
pow1(x,y) = hull

(
{pow1(x,y) | x ∈ x und y ∈ y}

)

pow2(x,y) = hull
(
{pow2(x,y) | x ∈ x und y ∈ y}

)

pow3(x,y) = hull
(
{pow3(x,y) | x ∈ x und y ∈ y}

)
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pow1 straight-forward
pow1(x,y) = exp(y · logx)

[l, l] = logF[x,x]

= [

△

logx,△ logx],
[m,m] = [y,y]•F[l, l]

= [min{

△

(y · l),

△

(y · l),

△

(y · l),

△

(y · l)},

max{△(y · l),△(y · l),△(y · l),△(y · l)}],
[z,z] = expF[m,m]

= [

△

expm,△expm],O. Heimli
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Distin
tion of Cases
GoalRedu
e number of operations in �oating-pointApproa
hDistin
tion of 
ases

1 ∈ x?
0 ∈ y?
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pow1 improved evaluationThe value of pow1([x,x], [y,y]) with 0< x

x ≤ 1 x < 1 < x 1 ≤ x

0≤ y [xy,x
y
] [xy,xy] [x

y
,xy]

y < 0 < y [xy,x
y
] hull([xy,x

y
]∪ [x

y
,xy]) [x

y
,xy]

y ≤ 0 [xy,x
y
] [x

y
,x

y
] [x

y
,xy]ResultSpeed-up vs. Intlababout 45 %(Intlab v6; Athlon 64 X2 4850e)O. Heimli
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A

ura
y not tightestLemmaLet [x,x], [y,y] ∈ ID where D is IEEE-754 binary64 format.Let
[z,z] = expD([y,y]•DlogD[x,x]).then ea
h of the normal, �nite interval boundaries z or z has aworst-
ase relative error of ε̃= 2−41 
ompared to the exa
tboundary.improvement neededLauter, Lefevre
rlibmO. Heimli
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Evaluation of pow2
pow2 :(R+×R)∪ ({0}×R+)∪ (R−×Z) →R,

(x,y) 7→





exp(y · log x) if x positive,
0 if x zero,
exp(y · log |x|) if x negative and y even,
−exp(y · log |x|) if x negative and y odd.

pow2 :(IR× IR) → IR,
(x, y) 7→ hull pow2(x, y)O. Heimli
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pow2 based on pow1
pow1 → pow2wat
h for integral exponentsnegative for odd exponent

O. Heimli
h, M. Nehmeier, J. Wol� v. Gudenberg | Computing Interval Power Fun
tions 19/28



pow3 similar
pow1 → pow3

pow3(x, m
n

) =
{
|x|m/n if m even
−|x|m/n if m odd(x < 0, n odd)for negative bases positive and negative powers on densesubsetsinterval extension �wipes out� sign
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examples
xy pow1 pow2 pow3

[3,3][2,2] [9,9] [9,9] [9,9]

[−3,−3][2,2] ; [9,9] [9,9]

[−3,2][2,2] [0,4] [0,9] [0,9]

[−3,−3][2,4] ; [−27,81] [−81,81]

[−3,2][−2,3] [0,+∞] [−∞,+∞] [−∞,+∞]

[−3,0][−2,3] [−∞,+∞] [−∞,+∞] [−∞,+∞]

[0,2][−2,3] [0,∞] [0,+∞] [0,+∞]

[−3,2][−2,0] [1/4,+∞] [−∞,+∞] [−∞,+∞]

[−3,2][0,3] [0,8] [−3,8] [−27,+27]

[−9,−9][1/2,1/2] ; ; ;
[−8,−8][

△

(1/3),△(1/3)] ; ; ⊇ [−2,2]O. Heimli
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Con
lusion
Dis
ussion of 3 or 4 exponential fun
tion(s)mathemati
ly foundedalgorithms for all variants butextended version as optionProof of Con
ept: Referen
e implementationhttp://exp.ln0.de/Mar
o's talk : reverse mode
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Thank you for your attention!Are there any questions ?
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pow3 as multi-valued fun
tion
Simplifying domain pow3dual-valued fun
tion �pow3 : (x,y) 7→

{
±|x|y

} für x < 0 undalle y ∈R.easy to 
al
ulateInterval extension using pow1Di�eren
e between pow3 und �pow3 only forpoint-intervals y = [y,y] = {y}
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�pow3 :(R+×R)∪ ({0}×R+)∪ (R−×R) →℘(R)

(x,y) 7→





{exp(y · log x)} if x positive,
{0} if x zero,
{±exp(y · log |x|)} if x negative,
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LemmaFor negative base intervals x and exponent intervals y it holds
�pow3(x,y) = hull{±pow1(−x,y)} =
hull(−pow1(−x,y)∪pow1(−x,y)).LemmaFor base intervals x and exponent intervals y = [y,y] with y < yit holds pow3(x,y) = �pow3(x,y).
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omputing of pow3
pow3F :IR× IR→ IR

(x,y) 7→
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Tabelle: The value of pow2([x,x], {n}) with x < 0 and n ∈Z

n even n odd
0 ≤ n [xn,xn] [xn,xn]

n ≤ 0 [xn,xn] [xn,xn]
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