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The quadrature for integral from product
of functions

Let us consider the quadrature to calculate an integrals having the form
b
J £ g (x)dx (1)
f(X)eC[a,b], g(x)e Ll[a,b], g(x)=0 (g(x)<0) when xe[a,b]

Yz

in case that the integrals G(a,p)= jg (x) dx, oa,f¢€ [a.b]

can be calculated exactly. “

Let the grid on interval [a,b] s defined with nodes X;, 1 =1,..., n

_ Xi + Xi+l
i+% o 2 ! ’
Give the piecewise constant approximation of function f(X) on interval [a,b]
by polynomial L, (X)

X)=f(x) when X [x_ X 1=2,...,n-1,
L(X)=1 (%) when xe|x yH

Ly (x)=f(x) when xe a,x%),

L, (x)=f(x,) when XE(XH_}/Z,b]

X

h=x,—X, i=1...,n-1



1160~ L0l

e

Then for estimation of error &

the following inequalities are valid

& S—XE[XT%# f'(x) | max{h_,h} G(xi_%,xi%) ,i=2,...,n-1
|&| < r[nax f'(x) | max{xl—a, %} G(a,xy) :
2
Xe a,x%
.| < max | f'(x) | max{b—xn, h“} G(x ,b) .
XE[XH_%,b:I 2 "2

Then for total error & = [[f(x) - L,(x)]lg(x)dx the inequality |&| <h,M,G(a,b),

f'(x) |, hozmax{xl—a, b—x,, %max_{hi}}.

is taken place, where M, = [‘Q[g‘{)ﬁ

Then the quadrature for approximation of integral (1) will be

jf(x)g(x) dij‘LO(X)g(X) dx =

(2)
f (xl)G(a,x%)+ f (xn)G(Xn_%,b)+Z: f (Xi)G(Xi—%’XH%)



Calculation of potential of an ellipsoid

Let us consider the body T with density £ , bounded by surface of an
ellipsoid. Choose the Cartesian coordinates with origin in centre of ellipsoid,
with axes directed along the main axes of the ellipsoid. The potential of

body in point M, = MO(XO,yO,ZO) is defined by formula

U (MO):£||\//(|)(—MI\/I)O| dz.

@, 0,Y  Then

2
Colefr) g )
—2rr,cosy +r?

Pass to spherical coordinates

UM, )= jsm@d@jdgpj I

cosy =c0s@cosd, +sindsin 8, cos(g — ¢, )
2

i
Denote  f(r)=plp,0,r) , g(r)= \/r2 21T, COSWY + I’
0o 0 4

for fixed values of variables », @, 0, 6,.



Calculating the integrals from the function g(r) , We obtain

G(r,r,)= Tg(r)dr =G, (1.1)—Go(K),

where Go(x)=%[(x+3rocosw)sq(x)+r02(3c052w—1) In(w(x))],

sq(x)= \/roz — 2K, XCcosy + X° , w(Xx)=sq(X)+X—r,cosy .

To calculate the complete interior integral in (3) , we will use the quadrature (2).
A weak logarithmic singularity in summands G()(ri) when =0 and

I =1, can be taken into account in numerical integration by introducing

a new variable @ —@, = t3.



Calculation of force of attraction of an
ellipsoid

The force of attraction in spherical

coordinates is the vector

(au U oU T

op, 00, or,
3.1 The component of force of attraction by coordinate ro
2
Denote f(r):p((p,g,r), g(r) 0 r

or \/roz — 2rr,cosy + 1’

G(5h) = [ 9(1)dr =Gy(5.4)~ Gy (1)

Gy (X) = 24 (X) + 1, (3cos’y —1)In(w(x))
X? cosy + X, (1— 605’ y ) + 317 cosy
,ur(X)=
sq(x)




The function ,Ur(x) is tended to infinity wheny =0 and X =1 .

Let the grid by variable r is uniform and a nodes of the grid include the edges
of the body. If the points where the force components are calculated are
situated at the middles of intervals between neighboring nodes then provided

w =0 we obtain
4, (1, +Ar/2)— p, (1, — Ar/2)=—6r,
and function G (I’i , I’i+1) hasn’t any singularities, except only logarithmic ones.

« 3.2 The component of force of attraction by coordinate 6’0

0 r’
06, \/roz — 211, Cosy +r°

- Denote f(r)=p(p.0,r), 9(r)

ri+l

G(r,h,)= j g(r)dr=G,(r,.)—G,(r).

«  Then Gy (X)=r, COS’W[,U@ (X)+3r,cosy In (W(X))] ’

ocosy (%)= X* —6r,xcosy + 31, | Toxeosy - Iy +1,50(X)

7 ,
06, sq(x) sq(x)sin®y

* where cos'y =




In the computation the first integral we multiply the function GO (X) on
sin®y
cos'y

multiplier

Denote the calculated value of the first integral as 1,(6,6,).

sin@cos’y
9(x)= sin?
/4

sin@cos’ 1
sin’ Wl/jde_(l—sinzgosinzgpl)[ 9)(‘91 91+1)+ﬂ§)(¢91 9,+1)+ﬂ§)(91 HH)}

. Denote f(0)=1,(60,6),

01

e Then
0;

« where =P~ %
()(9 49]+1)— —sin(26, )[sing,|cosg, v (‘9 ‘91+1)

15(6,,6,.1) = 0.55|n6’0[1—sm ¢ (1+cos’ HO)JVZ(H- 0,.,)

ivin ji'vijH

115(6;.0,.,) =cos6, cos g, (1+sin° ;sin° 0, )(6,,, - 6,

j1rjH

(1-sin® g, cos® p, )@ — 0.5sin (26, )cos ¢, Te'”

0.,0.. . )= t
i(6):61.1) = {arcg sin g, [sing|

tgo;

92(1—Sin2HOCOSZ(ol)_QSin(ZQO)COS@l+Sin290 1961
(0,0,
" 1+6°

t90);



Then the integral jsmjncoswde and the function v,(6,.6,,,) have
0, 4

J

the only logarithmic singularity in point ((0 =@y, 0, = ‘90)

« 3.3 The component of force of attraction by coordinate @

2

r
* benote f(r)=ple.0.r), a(r )_5% \/r — 211, cosy +r°

+ Then Go(x):rosinesineosin((p—(po)[y (x)+3rocoswln(w(x))],
X? — 6, xcosy + 3ry T  XCOSy — I + rsq(x)
sq(x) sq(x)sin®y

« In the computation of the first integral we multiply the function Go (X)

+  where z,(x)=

siny
« on multiplier sin@sin (¢ — %) and denote the calculated value of the first

« integral with the such multiplier as |2 (9, 90) .



Denote  f(6)=1,(6.6,), g(g):Sinzesm(Cﬂ—%)

sin®y |
. O - 29 1
e Sm(gp_%)ejj ssilr?zwdg: (1—sin2Hosinz401)[“5)(&1"91&)W«S)Z)(Hi’91+1)+“;3)(91’Hi+1>}’

where P=P— Dy
yg)(ﬁjﬁm) =sin g, (cos’ g, —sin’ g, cos’ 6, )sign (sin (¢ — ) ) v, (6,.6,., )
1£7(,.6,.,) =sing,sin g, cos g, cosg, v, (6,,6,., )
1£2(6,,6,.,) =sing, (cos’ §, —sin® 6,cos’ ¢, )(6,,, - 6,
i sin? g

o
5 Sin‘y

have the only logarithmic singularity.

The integral sin(@ —¢,) d@ and the function VZ(Qj,9j+1)



The analytical calculation of potential
and force of attraction of an ellipsoid
for special case of density.

» Let us consider an ellipsoid in Cartesian coordinates

X Z Z y

az E)/Z Ar-E T
with elliptical distribution of density. It means that it has a constant density
value on surfaces of similar ellipsoids satisfying the equation

A = k2, k €[0,1]

Then the density will be a function of the only one parameter K

X2 2 ZZ
pM)= ()= o %+ Lo 2



4.1 The potential of an ellipsoid

« The potential of an ellipsoid with the such distribution of density is [1]

UM, )= ﬂabc_[%( )ds

R(s)
2(k*)= k[p(a)da

R(s)=+/(a® +s)(b* +s)(c* +5)

2 2 2
Xg Yo Z,
2 + 2 + 2

a~+sS b°+s c°+s
O, M,eT
2’:
{/10, M,&T

X2 YO Zg
- and A, satisfies the equation a® + A, b2+2O ¢’ + 4, )

k® =




Let us consider an elongated ellipsoid of rotation along axis OZ with largest

semi-axis unit length and other semi-axises with lengths equalto 77 .

Let ,0(05) = L
QA+ a)
Pass to spherical coordinates (go, 0, r) :
2 oo
Then U(Mo):ﬂg ju(s)ds,
A

) [(72 + s)(1+ s)—(1+s)r,sin’ 4, —(72 + s)r02 cos’ (90} 1

(s)= [(7/2+s)(1+s)+(1+s)rozsin290+(y2+s)c052<90] (7" +s)VL+s

This integral can be calculated analytically

2 ain?2 2 2
1 U(6,r,)— a. (s,) {1_ r2sin 00(51+7/2)_r0 cos Qo}r

7y’ (51_32) Vs (1"'52)

2 ain?2 2 2 2 ain2
q_(s,) {—1+ r2 sin HO(SZ ) r2 cos 9°}+q+ (_j/z)rO sin’ 6,

+ %)+
(51_32) Vs (1"'31) Vs



where S; and S, are smallest and largest roots of parabola
p(s)=52+s (L+77+17)+7° +17 (sin’ 6, + % cos’ 6
5, (- o0,~1] S, € [— 1,0)
2 4
Vs =S5, +Y (Sl +Sz)+7/

g (s)=v-1-5 {%—arctg{" 1+§°H

-1-s

0 (5)= 55 [\/1+§0 \/1+3J

50_3
So is largest root of parabola
p,(s)=5"+s (L+77 =17 )+y* —17(sin’ 6, +y° cos’ 6, ),

where A, satisfies the equation

? sin® g, 00526'0 B
7 1t




4.2 The components of force of attraction of the ellipsoid

6U (kz)ds 8_U__ I P(kz)ds 8U _2rab (kz)dS
8X ZﬂabCXJ a —i—S)R(S)’ oy - Zﬁabcy;.;(b2+8) ( ) 82 7a CZ‘[ C +S)R(S)
Choose p(a)= . '
1+ o
Then 2_82_2”7/2"0 [Ql(/IJ/)Sinzgo +Q, (/1’7/)0052 6?0]
%——ﬁy 7 sin (26, [Ql (1,7)-Q,(4, 7)]
8U 0
5%
T Qz(/L?/):]i = ds
lL 7/ +S) A (S) l+s
2

L(s)_(;/ +s)(1+s)+r (1+s)sin® 6, +r; (7/ +s)003290



The integrals Ql(ﬂw/) and Qz(/L?/) can be calculated analytically :

Ql(;tJ/):

)|:(S +y )CL( ) (52+72)q_(51)_(51_52)q+(_7/2)]

7/5(31_52

Qz(/l,y/):(%fsz){ch(sz) ) q(Sl)}

 Numerical experiments



To calculate the integral (3) we use the uniform grid by coordinate I inside the body

and uniform grids by other coordinates. All the grids are displaced on half step of
integration with respect to edges of integration.

The potential of an ellipsoid of rotation is the function that does not depends
from coordinate ¢, . Therefore it is sufficiently to replace the variable ¢ =t°
after integration of inner integral.

Denote as &, the error of calculation in percents in point t9j 18
for calculated value of potential U (49j » T ) with respect to precise value U ((9j : I’k)

in the same node _
U(e,.n)

U(o;.r)

1 NI’ Na

£y =100 |1—

The values of average € and maximum & = MaX E i

_ g_k
av Nr Ne — j:1 ] J,k
errors are presented in table 1
The values of input parameters were: N, =N,, N =100, » = 0.5,

I, €[0.001, 10]. The number of nodes on intervals [0, R, ] and [Rej ,10]

was the same for every value &; -



N, |50 100 200 |400
&y 10.1331 |0.0337 |0.0090 |0.0027
“max |0.4835 [0.1361 |0.0379 |0.0105

Table.1. The values of average and maximum errors of potential’s calculation

in percents for different number of nodes in grid .




To describe the error of calculation the components of the force of

attraction we will choose the error in the following form:

533 % 0,0)- 220, ﬂ 235 en)

k=1 j=1 0 0 k=1 j=1
2
N ot oU ouU
=330 0,0)-L(oun)| 332 (0,0)
k=1 j=1 0 0 k=1 j=1
: ouU oU
5. = max a_%(ej rk)—a—ro(ej )




50 100 200 |400
0.726 |0.715 [0.852 |0.139
E-5 E-6 E-7 E-7
0.189 |0.935 [0.466 |0.233
E-2 E-3 E-3 E-3
0.844 10.137 |0.251 |0.480
E-4 E-4 E-5 E-6
0.928 10.450 |0.220 |0.108
E-3 E-3 E-3 E-3




In the calculation the component of the force of attraction by coordinate %
we will consider the potential U ((00, 90, ro) as a function of three variables .

N, N, N, oU
Denote s =>33>" —(¢.6,.%)
= k=1 = | 0%
U
5(@ — max a_(¢i’9j : rk)
kit |0,

Then & ~02x10%, 6% ~0.4x10™ forallvalues N, .

~N/
max

Thank you for attention !



Picture 1. The graph of the function U(r,8,) when 6,=0 (o) and
90 = p|/2 (o) .
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