Componentwise inclusion for solutions in
least squares problems and
underdetermined systems

Shinya Miyajima
Faculty of Engineering, Gifu University

15th GAMM - IMACS International Symposium on Scientific
Computing, Computer Arithmetic and Validated Numerics

September 27, 2012, miyajima@gifu-u.ac.jp



SCAN 2012 Shinya Miyajima

Problems considered

e Least squares (LS) problems

m%Rng—AxHQ, AeR™"™ beR™, m>n
reR™

LS solution = A™b
e Underdetermined systems (US)
Ax = b, AeR"™™  beR™ m>n

Minimal 2-norm solution = A™b

Componentwise inclusion for solutions in least squares problems and underdetermined systems — 1



SCAN 2012 Shinya Miyajima

Purpose

Numerically computing componentwise enclosure for A™b

= Numerically computing vector r satisfying |2 — ATb| < r
for approximate solutions

Preferable
e Smaller error bounds

e Fast algorithm
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Previous Work

LS normwise componentwise
fast Rump (2012) | 7
not fast Rohn (2009), Rump (1999)
UsS normwise componentwise
fast Miyajima (2010), Rump (2012) | 7
not fast Rohn (2009), Rump (1999)
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Our contribution

e Algorithm for computing componentwise error bounds of
e do not assume but prove A to have full rank
e Similar computational cost to that of Rump (2012)

e [heory showing that the obtained error bounds by the proposed
algorithms are equal or smaller than those by Rump (2012)
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Rump’s bound in LS (1/2)

A ~ (QR: an economy size approximate QR factorization.
S~R 1

AS can be expected to be not too far from orthogonality.

Theorem 1 [Rump (2012)] Let

e Ac R™" zeR" w,beR™, SeR"™ peil,2 00}
o X :=AS, p; :=Ax —w — b, py = AT w
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Rump’s bound in LS (2/2)

If |1, — X' X||, < a, <1, A has full rank, ||z — ATb|, < 4,
|z — ATl < ep, [|2 — ATB][2 < ¢, where

S|
=7 21X pzllp + 115" pallp),

Op :

apl|Slp

ep = 19X pallp + 1557 pallp + (IX " pzllp + 1157 pallp),

1 —
042||5||2||pw”2+042”5||2

ST oo,
e 1_a2|’ P |2

¢ = ISX " pzll2+ 1SS pall2+
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Proposed bound in LS

Theorem 2 Let e := (1,..., 1), E:=1, — XTX. Assume

E|<T, |I'll, £ap < 1. Then A has full rank, S is nonsingular,
7 — ATb| < q, |2 — ATb| < r®) |7 — ATb| < s, where
ST AT T w ) || oo
= ‘SST(AT,OC’;;—I—pw)‘ 4 H ( 1foj_:0 )H ’S’Fe(n),
rP) .— ’SST(ATp~ _|_/0~)’ 4 QPHSHPHST(AT:O:E _l_p’cb)”pe(n)
. €T w 1 . Ckp !
157 pall2

= 1SST (AT pz + pa S Ll (),
s i [SST(ATps + pa)] + aal o e + 1T-02l2)
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Relations between the bounds

Theorem 3 ¢ < r(®)  max r,fp) <ep <0, maxs; <(.
1<i<n 1<i<n
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Numerical examples in LS

Intel Xeon 2.66GHz Dual CPU, 4.00GB RAM, MATLAB 7.5 with
Intel MKL, and IEEE 754 double precision

P =qr(A,0); R = triu(P(l:n,:)); S = R\speye(n);
T = A\b; W= Ax(S*(S’*(A’*b)))-b;

M1: The algorithm computing ¢ in the proposed bound

M2: M1 with iterative refinement

R1: The algorithm computing £ iIn Rump’s bound

R2: R1 with iterative refinement

I: INTLAB function verifylss
V: Versoft function verlsq
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Example 1 [Obtained error bounds] (1/3)

A = gallery(’randsvd’, [200,100] ,cnd); b =

randn (200,1) ;

cnd

M1

M?2

max mean min

max mean min

le+4
le+6
le+8
le+10
le4+12
le4+14

1.68e—3 9.99e-4 3.38e-4
8.09e+2 4.42e+2 1.56e+2
4.42e+8 2.17e+8 7.39e+7

3.15e+14 1.51e+414 4.88e+13
2.40e+4-20 1.07e+20 3.27e+19

faill faill faill

4.25e—-19 2.52e—-19 8.56e-20
2.04e-13 1.12e—-13 3.94e-14
1.13e—7 5.56e-8 1.89e-8
(.80e—2 3.78e—2 1.22e-2
5.92e+4 2.64e+4 8.10e+3
faill faill faill

faill: ao, < 1 could not be verified
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Example 1 [Obtained error bounds] (2/3)

cnd R1 R2
le+4 | 1.68e-3 4.27e—13
le+6 | 8.09e+2  3.50e-11
le+8 | 4.42e+8 1.1be-7
le+10 | 3.17e+14 7.93e-2
le+12 | 2.50e+20 6.15e+4
le+14 | faill faill

faill: aoo < 1 could not be verified
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Example 1 [Obtained error bounds] (3/3)

cnd

V

max mean min

max mean min

le+4
le+6
le+8
le+10
le412
le4+14

6.88e—11 2.72e—11 8.80e—12
3.04e—7 1.09e—7 2.05e-8
1.92e-3 6.10e—4 8.34e-5
1.62e+1 6.29e+0 1.66e+0
1.13e+5 3.73e+4 4.09e+3
3.04e+9 1.09e+9 2.39e+3

2.03e—6 1.47e—6 7.08e—7
1.95e-2 9.86e-3 3.80e-3
1.68e+2 7.6le+1 2.53e+1
1.42e+6 6.14e+5 1.78e+b5
1.32e+10 5.29e+9 1.33e+9
1.77e+14 6.57e+13 1.50e+13
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Example 2 [computing times (sec)]

A = randn(m,n); b = randn(m,1);

m n M1 M2 R1 R2 | V

600 100 | 0.02 0.05 0.02 0.05 0.59 3.38
700 100 | 0.03 0.08 0.03 0.08 0.86 4.95
g00 100 |0.03 0.09 0.03 0.09 1.19 6.94
400 100 | 0.01 0.03 0.01 0.03 0.25 1.34
400 200 | 0.04 0.10 0.04 0.10 0.39 2.11
400 300 0.09 0.18 0.09 0.20 0.60 3.29
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Example 3 [computing times (sec)]

A = randn(m,n); b = randn(m,1); MO: memory over

m n M1 M2 R1 R2 | V

5000 100 | 0.22 0.75 021 0.75 MO MO
6000 100 |0.27 093 026 093 MO MO
7000 100|035 1.12 034 1.16 MO MO
8000 100 | 0.45 138 0.43 138 MO MO
4000 100 | 0.17 0.60 0.17 059 MO MO
4000 200|048 140 047 139 MO MO
4000 300 | 0.99 242 098 242 MO MO
4000 400|168 3.62 1.67 359 MO MO
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Rump’s bound in US (1/2)

AT ~ QR: an economy size approximate QR factorization.
S~R T

S A can be expected to be not too far from orthogonality.

Theorem 4 [Rump (2012)] Let

e AcR"™™ e R™ w,beR" §SecR"™" pe{l, oo}
o Y :=S5A, py =1 — Alw, pz := AT —b
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Rump’s bound in US (2/2)

If |I, - YY?|, < a, <1, A has full rank, ||z — ATb||; < vy,
|2 — ATb||s < w, where

vp = vm|pwlls + 1Y Spzs +

apllY "5l Spzllp
1 — 0413 '

aa2||Spz|l2

\/1—042

w:=|pall2 + Y Spzll2 +
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Proposed bound in US

Theorem 5 Let F':= [, — YY'. Assume |[F| < @, ||®], <
a, < 1. Then A has full rank, S is nonsingular, |z — A'b| < t,
7 — ATh| < u®), |z — ATb| < v, where

1S Pzl

ti= [lpallac™ + Y7 Spsl + 122y T |0,
. MY TS 215
1P - — ”,Osze(m) + ’YTS,0£’ + O‘p” Hp‘ P Hpe(m)’
1 — ap
az||Spzll2 (m)
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Relations between the bounds

Theorem 6 ¢ < u(oo), mMaxi<;<m u,gp) < Vp, MaX1<i<m Vi S W.
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Numerical examples in US

= qr(A’,0); R = triu(P(1:n,:)); S = R’\speye(n);
= S’x(S%b); T = A’*w;

S

M1: The algorithm computing ¢ in the proposed bound
M2: M1 with iterative refinement
M3: Miyajima (2010) without iterative refinement
M4: Miyajima (2010) with iterative refinement
R1: The algorithm computing v, in Rump’s bound
R2: R1 with iterative refinement

I:  INTLAB function verifylss

V: \Versoft function verlsq
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Example 1 [Obtained error bounds] (1/3)

A = gallery(’randsvd’, [100,200] ,cnd); b =

randn(100,1);

cnd

M1

M?2

max mean min

max mean min

le+4
le+6
le+8
le+10
le4+12
le4+14

1.49e-3 8.90e-4 4.76e—4
(.14e+2 3.86e+2 1.77e+2
4.16e+8 2.05e+8 8.1be+7

2.73e+14 1.28e+14 4.60e+13
2.00e+20 8.97e+19 2.99e+19

faill faill faill

1.30e-12 1.14e-12 1.10e-12
1.09e—-10 9.68e—11 9.32e-11
1.70e—7 8.99e-8 4.17e-8
1.00e—-1 4.69e—-2 1.69e-2
(.5le+4 3.28e+4 1.09e+4
faill faill faill

faill: ao, < 1 could not be verified
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Example 1 [Obtained error bounds] (2/3)

cnd M3 M4 R1 R2

le+4 | 4.90e—7 1.88e—-12 1.49e-3 4.75e—12
le+6 | 3.13e-3 1.59e-10 7.14e+2 3.81e-10
le+8 | 2.20e+1 1.58e-8 4.16e+8 1.95e-7

le+10 | 1.70e+5 1.27e—6 2.73e+14 1.00e-1

le+12 | 7.39e+9 4.41e—-4 2.06e+20 7.51le+4
le+14 | fail2 fail2 faill faill

faill: ao, < 1 could not be verified

fail2: nonsingularity of R could not be verified
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Example 1 [Obtained error bounds] (3/3)

cnd

V

max mean min

max mean min

le+4
le+6
le+8
le+10
le412
le4+14

3.46e-11 7.11e-12 2.66e-12
2.33e—7 2.90e-8 b5.71e-9
1.63e—-3 3.05e-4 8.83e-5
1.29e+1 2.05e+0 5.08e-1
1.07e+5 1.23e+4 2.54e+3
1.54e+9 2.85e+8 1.21e+8

1.11e—6 7.38e—7 b5b.37e—7
7.88e-3 4.92¢-3 3.33e-3
06.50e+1 3.77e+1 2.44e+1
554e+5 3.10e+5 1.96e+5
5.02e4+9 2.66e+9 1.60e+9
0.32e+13 3.31e+13 1.94e+13
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Example 2 [computing times (sec)]

A = randn(n,m); b = randn(m,1);

m n M1 M2 M3 M4 Rl R2

5000 100 | 0.18 0.72 0.19 3.21 0.15 1.27
6000 100 |0.23 0.89 0.25 3.86 0.19 1.56
7000 100 |0.28 1.06 0.32 453 0.25 1.85
8000 100 |0.34 128 0.41 5.21 0.30 222
4000 100 | 0.14 0.57 0.16 258 0.12 0.99
4000 200 0.35 1.28 0.40 3.10 0.32 224
4000 300 | 0.65 211 0.75 3.77 059 3.57
4000 400 | 1.00 3.27 119 4.48 0.92 4.93
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