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1. Introduction

We consider systems of elliptic partial differential
equations:

—e?Au = f(u) — dv, in €,
—Av = u — Y, in , (1)
u=uv =020, on 0

Here

() is bounded polygonal domain in R? .

e # 0,7 and 0 are real parameters.

A mapping f: H}(Q) — L*(Q)



1. Introduction

We denote [.%-inner product and H & -1lnner
product as

(u,w)rz = /uwdw,
Q

(Vu,Vw)rz = /Vu-dex.,
Q



1. Introduction

For the system (1), we have weak form:

Find u,v € H}(Q), such that

(Vi Vi) gz = — ((F(w),w)ge — 8(v,w)ge). 2)

c2
(V’U,V’UJ)L2 — (’LL,’UJ)L2 R ’)/(U,’w)L2,V’UJ S H& (Q) (3)



1. Introduction

When U 1s known function, equation (3) has unique solution.
Then, v is presented by v = Bu,

where B : L*(Q) — H3(€) is a solution operator of (3).
Using this and (2), it follows

(Vu,Vw)Lz m— (g(’LL),’UJ)L2, \V/’LU - H& (Q), (4)
where g =1/€*(f —dB) : Hi(Q) — L*(Q).

Y. Watanabe has studied this type of equation (3) and (4)
by Nakao’s theory[1].

[1] Y. Watanabe, A Numerical Verification Method for Two-
Coupled Elliptic Partial Differential Equation, Japan Jurnal of
Industrial and Applied Mathematics, 26 (2009), pp.233-247



2.Purpose

Our purpose 1s the proof of the uniqueness and
existence of the solution for equation (3) and (4)
using the Newton-Kantorovich’s theorem and the

operator norm HB H L2,H} .



Flowchart for the computer assisted proof

START

Using an eigenvalue

Calculation of H B H L2 H 3 of the Laplace operator

Calculation of Hu — /&H 7l Newton-Kantorovich’s Theorem
0 and operator norm || B 12 g1

Calculation of H’U — ”UHH(% @ llu— il myand | Bl 2 m;

END



Flowchart for the computer assisted proof

Using an eigenvalue

Calculation of H B H L2 H 3 of the Laplace operator



3.OPERATOR B AND ESTIMATION OF THE NORM

Linear operator £ : H}(Q) — H~1(Q) and
embedding identity operator Z : L*(Q)) — H~1(Q)

1s defined as
(Ly,w)y = (Vu,Vw)rz +v(v,w)rz,
(Zv,w) (v,w)r2, Yw € Hy(Q)

Then, equation (3) transform as following.

Find v € H; (), satisfying Lv = Zu.



3.OPERATOR B AND ESTIMATION OF THE NORM

If 77 1s not an eigenvalue of the Laplace operator,
there exists the solution operator B.
Thus, we define

B:=L"'T:L*Q) — Hy(Q)



3.OPERATOR B AND ESTIMATION OF THE NORM

Let H ! (Q) be the topological dual space of H& (Q)
The norm of 7 € H () is defined as

T, v
IT\g-2:=  sup T, v}
veEHL(Q)\{0} H’UHHg

Let X and Y be Banach space. The set of bounded linear
operators is denote by £(X,Y") with operator norm

HTHL(X,Y) .— Sup :
veX\{0} HUHX



3.OPERATOR B AND ESTIMATION OF THE NORM

We define the linear operator ® : H}(Q) — H~1(Q) as

(Pv,w) = (Vou,Vw)rz2, Yw € Hy(Q).
As a property of the operator ® for all v € H&(Q),
dv, w
[Bollg: = sup 2%
weHL(Q)\{0} H’UJHH(%
(Vv, Vw)|

sup

= |[vllm
weHL(Q)\{0} H’wHHg



3.OPERATOR B AND ESTIMATION OF THE NORM

We consider an eigenvalue problem:

Find (v,\) € H} () x R, s.t. Lv = Adv. (5)

Let KX be positive real number satisfying

K := max { A7 ¢ ) is satisfied the equation (5)}



3.OPERATOR B AND ESTIMATION OF THE NORM

Then, the operator norm of £~ ! is estimated by

L7 g g = sup
Ho vEHI(Q)\{0} Lv|| -1

= sup
veHE(@\{0} 1LV

K. (6)

VAN



3.OPERATOR B AND ESTIMATION OF THE NORM

We transform a eigenvalue problem (5) into

(Vu,Vw) = . ! j\\(fv,fw), Yw € Hy ().
_ __Q
S A=
This equation is an eigenvalue problem of the Laplace operator.
.

A verified evaluation for eigenvalues of the Laplace
operator has been shown by X. Liu and S. Oishi[2].

[2] X. Liu and S. Oishi, Verified eigenvalue evaluation for
elliptic operator on arbitrary polygonal domain, in preparation

If we get exactly an eigenvalue of the Laplace operator,
we have \. Thus, we can estimate of operator norm of L1



3.OPERATOR B AND ESTIMATION OF THE NORM

Let C. o be the Poincaré constant satisfying

HUHL2 < Ce,2

Thus, we have

[AIFEN S

I

ull gy, Yu € Hy(€),

| < Zq,z > |
sup sup
qEL?(Q) z€ Hj () HCJHHHZHHg
sup Sup ‘(CL Z)L2 ‘

qeEL?(Q) 2 H} (Q) HQHL2H2HH5

|21l
Ce,Q SUup - = e,2 . (7)
2€HL(Q) HZHHg




3.OPERATOR B AND ESTIMATION OF THE NORM

Using equations (6) and (7), we estimate the operator norm
of B as follows:

|Bllr2m; = 1L T 12,m
< LM g1, m 1T L2,
S Ce,ZK-



Flowchart for the computer assisted proof

Calculation of Hu — /&H 7l Newton-Kantorovich’s Theorem
0 and operator norm || B 12 g1



4. ERROR ESTIMATION OF AN EQUATION (2)

The linear operator A : Hj(Q) — H—1(Q) and
The non-linear operator N : H}(Q) — H () is defined by

(Au,w) = (Vu,Vw)re,
N (u),w) = (g(u),w)r2,Yw € Hy(9).
Let N'[4] be a operator on H(Q) into H~1(Q) as
N aJu, w) = (¢'[t]u, w) 2, Yw € Hy (),

where g'|u] assume Fréchet different of g on 4 .



4. ERROR ESTIMATION OF AN EQUATION (2)

Let F be a nonlinear operator on Hi (Q) into H~(Q2) .
Find u € Hy(Q), F(u)=Au—N(u) =0 ()

The Fréchet derivative of F at 4 € Hj (€2) denotes

Fla) = A— N'[a].



4. ERROR ESTIMATION OF AN EQUATION (2)
—~Theoreml (Newton-Kantorovich’s theorem)

Assuming that the Fréchet derivative F’[4] is nonsingular and
satisfies

|\ F 1]~ F (@) gy <
for the certain positive o . Then, let B(i,2a) := {v € H}(Q)

: ||[v — || <2a}be an closed ball. Lef > B(a,2a) be an open ball.
We assume that for a certain positive w, the following holds:

|71~ (F [w] = F ) ag ap < wllw—mllm
w,me D
If aw < 1/2 holds, then there is a solution v € H! () of
F(u) = 0 satisfying

lu—tllgy < p=

1—v1—2aw
w

Furthermore, the solution v is unique in B(, 2c) .




4. ERROR ESTIMATION OF AN EQUATION (2)
We define three constant:

Flal " YNe-1,mp < Ch

F(u)|g-1 < Cqp

F'lw] = Flml[[g-+ < Csfjw — m|

We have
Q= Cngjh
W .= 0103.

If you get three constantsC' , Cs p,, Cs, then you can verify
Newton-Kantorovich’s theorem.



4. ERROR ESTIMATION OF AN EQUATION (2)

Let U bea linear operator on H}(€2) into H (),
(Uu,w) = (Vu,Vw)rz+o(u,w)p2, Yw € Hi(Q).
Where o > 0. We define the o -inner product and o-norm as

(u,w)g = (Vu, Vw)r2 + o(u,w)re,

Jullo = v/ (u,u)o

For u &€ H&(Q) , we have following the property.

'l
[Ty = sup L)l
weHL(Q2)\{0} H’wHHg
U, W)y
S L) g

weHL(Q)\{0} Jw|o



4. ERROR ESTIMATION OF AN EQUATION (2)

Then, we estimate as

IF[a) g g = sup -
o wert (o} IF'[a]ull -

|l g

o Jul
ue HE (2)\{0} HAU — N’[fb]UHH—l

lulls
< sup -
uwe HL(Q)\{0} [T (Au — N’[U]U)Ha,

We denote the calculation of an eigenvalue problem:

Find (u, i) € H}(2) x R



4. ERROR ESTIMATION OF AN EQUATION (2)

Let V3, denote a finite dimensional subspace of H}(2).
An eigenvalue iy, is satisfying the eigenvalue problem:

Find (up, jin) € Vi x R

(un, wi)o = fin (o (un,wn)r2 + 2= (F/[@lun, wn)r2) — % (Bup, wi) 2

and we wrote 0 < g} < pb < ... < pah <-.. toeigenvalues.



4. ERROR ESTIMATION OF AN EQUATION (2)

We determine the constant o so that

o(u,u)r2 + (¢'|a]u,u)p2 > 0.

We assume that for a certain positive K1, the following holds:

B
ey [Buw)

< K;
weHy(@\{0} (% W)



4. ERROR ESTIMATION OF AN EQUATION (2)

Then,
1, .. %)
o(u,w)r2 + —2(f [U)u, w) 2 — E—Q(Bu,w)Lz
L. 0] [(Bu, w)

g2 (u,w)

> ((J + éf’[ﬁ])u,’lU)Lz - E_Kl(uvw) > 0 ,



4. ERROR ESTIMATION OF AN EQUATION (2)

We define the d-inner product and d-norm as
(’U,,, w)d L= O'(’U,? w)L2 -+ (g;[’&]’bb? w)L2,

lulla = v/ (u, u)q

Thus,

lulla < Kollullr2 @)

where Ky := \/llo+ f'[i]|| = + C2,]| Bl 2,3 .



4. ERROR ESTIMATION OF AN EQUATION (2)
An orthogonal projection Py, : H}(Q) — V}, is defined by
(u— Py _u,up)y =0, Yup € V.
There exist positive constants Cz, satisfying
Hu — PhJuHJ < Cwm, H — Au + OuHLz
for u € H2(Q) N H ()
Then, we estimate

|lw— Ppul|lg < Cur, Kol|lu— Py, ul12)



4. ERROR ESTIMATION OF AN EQUATION (2)

The following remark is obtained a combination of (10)-(12) and
the proof of the Liu-Oishi’s theorem|2].

—~Remark 1
If

1 Cay K3 < 1,

then the eigenvalue ik is satisfying




4. ERROR ESTIMATION OF AN EQUATION (2)

If we get exactly an eigenvalue /i, we have

|\ F[a) = M -y < Ch,

where

~

fk |}
fae—1 )"

(Cq:= max{




4. ERROR ESTIMATION OF AN EQUATION (2)

The calculation method of (' ;, was proposed by A. Takayasu,
X. Liuand S. Oishi[2].

[2]A. Takayasu, X. Liu and S. Oishi, Verified computations to
semilinear elliptic boundary value problems on arbitrary polygonal domains,
to appear.

IF (@)l g < [IV@ = palle + Cw, [[g(@) = gn(a)] 22

0 - -
~| /Bl + 1Bl

+ C‘h,yCh

Where
" Ph :The smoothing function Pr is defined by the
Raviart-Thomas finite element

Irn: fn is piecewise-descontinuous on the triangle element,
satisfying (f — fr,pn)r2 = 0.



4. ERROR ESTIMATION OF AN EQUATION (2)
C'r, 1s satisfied

|((g'[w] = g'Im)w, ¥)| < Crllw —ml| gy llull g ]

Here, w,m € D, u,v € H3 ().
Then, we have
|F (2] — F'Twlll gy -
= |IN'[z] = N'w]ll gz, -
_ sup |(N'[2] = N w]) || -
0£pe HL(Q) 19| 2
_ - | < NV'[z] = N'w])p, ¥ > |
= D sup
0£SEHL(Q) 0£peHL(Q) @[ 2 [|]] 2
— swp sup ((¢'[2] — g'[w])¢, ¥)|
0£pEHL(Q) 0£peHL(Q) [Pl 2 || £

Therefore, one can put C's := (', .



Flowchart for the computer assisted proof

Calculation of H’U — ”UHH(% @ llu— il myand | Bl 2 m;



5.ERROR ESTIMATION OF AN EQUATION (3)

Let 4, U € X}, be approximate solutions.

Then, we estimate
[v* = 0|l g2 < CepCrKp+ K[|[VO — qp L2

4 K k(6 — ki (8))]] 1



6.COMPUTATIONAL RESULTS

We would like to consider the system of elliptic partial
differential equations:

—?Au=u—u? —dv, in(,

—Av = u — v, in 2,

u=uv =20, on 0f)
where

e = 0.08,

o = 0.2

v = —1.2

and maximum meshsize h = 2_7,



6.COMPUTATIONAL RESULTS

n

(a) approximate solution % (b) approximate solution ¥
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6.COMPUTATIONAL RESULTS

We can calculate of arbitrary polygonal domain!!

L. e, e .V S : e o N R R e E
T S .......... ........ ' T ..... - .......... ..........
08 : : : : : 08 : : : : :
0z 05 0y
05 05
05 05
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02 : _ : : : 0.2 : _ . . .
Y S .......... .......... Y .......... .......... ..........
: . : : : : : . : : : :

(c) approximate solution % (d) approximate solution ¥



6.COMPUTATIONAL RESULTS

Then, we have

| Bl r2,m1 <0.097,

C, = 2.3813,
Co p= 0.0024,
Cs= 32.3119,

C1? x Cy pxCg = 0.4393 < 0.5,
u — il 2 < 0.0085,

v — 0l < 8.0814 x 1077

b
Therefore, the uniqueness and existence
of the local solution i1s proved.




Thank you for your attention!!
Cnacu0o 3a Bame BHuUMaHue!!




