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Comparing quad graph discrete equations
and hyperbolic equations

Upt+1,m+1 = f(un,ma Un+1,m, Un,erl)
Tih(n,m) = h(n+ 1, m),
Toh(n,m) = h(n,m+ 1)

Wi = g — u2/2, D,W; =0
Wo uyyfu)z,/Z, D.W> =0

Un+1 m+1Unm — Un+1 mUnm+1 = 1
Wy = ettt (T, — 1), =0

W2 — Un,m+1+Un,m—1’ (Tl o ].)W2 — O

Un,m
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Uy, =sinu

_ 3
Ut = Usxx + Uy /2

_ 3
Ur = Uy + y/2

Upt1,m+1Unm+1 + Unt1,mUnm
+UnmUnm+1 = 0
Un+1,mUn,m

Un—1,m
Un,mUn,m—1

Upmit =

u =
n,m, Up,m+1—Un m—1



Consider nonlinear equations on a quad graph (or double discrete
chains) of the form

F(Un,m7 Un+1,m> Un,m+1, un—|—1,m—&—1) =0, (1)

In (1) F is polylinear function (F - linear function of each of its

variable). All integrable discrete equation known in the literature

belong to this class. This class depends on 16 arbitrary constants.
We restrict ourselves to the case when

O°F
aUn+1,m+1ﬁun+1,m

=0.

It depends on 12 parameters and can be written in the form

Aun+1,m+1 + BUn—&-l,m +C=0,
A=a; Un,mUnm+1 + a2Un m + a3Up m+1 + a4, (2)

B = blun,mun,m—f—l + b2un,m + b3Un,m+1 + b47

C= ClUpmUn,m+1 + CQUnm + C3Up,m+1 + c4.



Structure of symmetry

We use as integrability criterion the existence of a non-autonomous
generalized symmetry of the form:

Upm,t = Gn,m(un—i-l,ma Upn—1,m, Un,m, Un m+1, Un,m—1)~ (3)
We consider a symmetry of the form (3) satisfying conditions:

aGn,m 7 8Gn,m 7 8Gn,m 7 aGn,m £0, (4)
aUn+1,m 8Unfl,m aUn,erl 8Un,mfl

for all n,m € Z. It can be proved that the function G has the form:
Gn,m = cl)n7m(un—i—1,m7 Un,m, Un—l,m) + ‘Un,m(un,m—i—l; Un,m, Un,m—l)-
(5)

In practice we always obtain two generalized symmetry in the form:

Unpmty = ¢n,m7 Unmt, = wn,m~ (6)



First integrals

In our work, analogues of the Liuville equation u,, = e" appear in
a natural way as equations which symmetries depend on arbitrary
functions. Such equations are Darboux integrable, as they have
two first integrals:

(Tl - 1)W2 =0, Wr= Wr(12)(un,m+l27 Unm+h+1y---,Un m+k2)v
()
(To— D)Wy =0, Wy=wl )(Un+ll,m7 Unth+1,ms - - > Untky,m )( )
8
Here 1, I, ky, ko are integer numbers such that 1 < ky, b < ko;
Ty, T are shift operators in the first and second direction,
respectively: T1hpm = hnr1,m, Tohnm = hnmy1.



Nondegeneracy and Nonlinearity
We rewrite the (1) in the form
Uprim+1 = f(unJrl,ma Un.m, un,m+1) (9)

and require the essential dependence of f on all its variables. So
the nondegeneracy conditions read:

OF of of of
8’Jn+1,m+l ’ 8Un+1,m’ 6Un,m, aUn,m+1

£ 0. (10)

In our classification we reject the linear equations and equations
equivalent to linear ones. The following equations are transformed
into linear ones by point transform up, , = e'mm

+1 41
Unt1,m+1 = VUnt1,mUn mUp m1- (11)

We reject equations related to (11) by autonomous Mabius
(linear-fractional) transformation
~ QUpm + B

Upm=—"——+ 12
T —— (12)



Method of classification.

Here will use four integrability conditions which have the form of
conservation laws:

(To = 1)pin = (To = D)gim, j=1,234  (13)
The following statement takes place:

Theorem
If an equations (9) has generalized symmetry of the form (3,4)
then it must have conservation laws (13) such that:

p% =108 fupi1 ms qﬁ}r)n = q,(ﬁm(un+2,m, Unt1,m> Un,m);
o —tog 42 2 — P ursaim it
et (14)
q,(f,% = log fu, mi1s Pr(sr)n = pff,%(un,mu, Un,m+1, Un,m);
qg?r)n = log jun,m’ vafr)n = ngr)n(un,erz’ Up,m+1, Un,m)a
n+1,m
where f, of

Untk,m+1 — 8Un+k,m+l.



The annihilators are defined as:

0 0

Y, =T,/ ), Y. =T 7, 1>0
: 2 Oup m+1 2 I 2 Unm—1 20 ’
P ’ 87 (15)
Z =T " T, Z=T{ Tk, k>o.
Unt+1,m aUn—l,m

These operators are differentiation operators and their action will
be clarified by example of Y;.
It is obviously that:

Ylu,,7m+/ = 07 / ;é 07 Ylu,,ym =1.

On other independent variables defined at fix point (n, m) it acts
as follows:

% im0
= Y > )
Lntk,m E) 2 18Un7m+1
0
L of(-LY)
Yilnikm = H T, T k < 0.

)
j=k+1 Oun,m+1



Lemma
The operators (15) annihilate the following functions:

Y1) i =0, 1#0, j=1,2,
Z P ey =0, k#£0, j=3,4.

The use of annihilators (15). Applying operators:

/-1 k=1
Y T, 1>0, Y T,

Ny = J_Zlo INWES J_Zlo
—TflzTg, | <0, —TglzT{,

j=I Jj=k

to integrability conditions (13) we get
No(T = 1)ph = (TS = 1)q¥, . 140, j=1,2.
(le - ]‘)pr(;l,znfl = Al,k(T2 - ]')q’(;])TH k # 0, J =34

k>0,

k <0,

(16)



Applying Y_;, Z_j to the equations (16) respectively and taking
into account Lemma 2, we get:

Y—/qf(-;lsz = rf(hlf,:ll‘l)? /7é 0’ ./: 1’27 (17)
Z P9 =S, k0, j=3,4. (18)
(1) (k)

Here functions rp 7/, sn.m’ as well as coefficients of Y_;, Z_ are
explicitly expressed in terms of eq. (2).

We have an infinite system of linear non-homogeneous PDEs for
each of four functions qE,J_)Lm, pf,{zn_l. We can add to egs. (17,18)
linear PDEs with the commutators [Y),, Y},] and [Zk,, Z,] instead
of the operators Y_; and Z_j. Also we can decompose each
equation with respect to additional variables up, 4 in the case of

(17) and with respect to upyj m in the case of (18).



Main Theorem

List

1 (Properties of equations used in classification)
1. Nondegenerate, i.e. satisfying conditions (10);
2. Possessing symmetries of the form (3,4);

3. Equations which do not have N-point first integrals with
2< N5,

4. Nonlinear equations and equations not equivalent to (11).

Theorem

An equation (2) satisfies conditions of List 1 if and only if it is
equivalent to an equation of List 2 up to a linear transform
an,m = QUpm+ B.



List
2 (Equations (2) of the sine-Gordon type and of the Burgers type
together with their symmetries of the form (6))

1.
(tnt1,me1 — D) (Unmy1 +1) = (tnp1,m + 1) (tnm — 1),
ddtlun,m = (”g,m - 1)(Un+1,m - Un—l,m),
ddtzu"’m = (Unm = 1) (un,m+1l+ Unm  Unm +1un,m_1>

2.

(Un+1,m+1 — Upt1,m+ C2)(Un,m — Upm+1 — CZ) + Unt1im — Unm+1 + Ca = 0,
d

dTUn,m = (Un—l—l,m — Upm+ C + C4)(Un,m —Up—1m+C+ C4)7
1

d N (Un,m+1 - Un,m)(un,m - Un,m—l) — 0 — 622

7” fr—
dt, mm Upm+1 — Unm—1 + 2c0 +1




Upt1m+1Unm+1 + b2un+1,mun,m + ClUnmUnm+1 = 0, by, # 0,

d _ Unt1,mUnm d o UnmUnm—1
Unm =

Upm =
dty Up—1m dty

Unm+1 — by Unm—-1

Up+1,m+1Unm + Unt1,mUn,m+1 + azUn+1,m+1Unm+1 + by Upnt1,mUn,m
+C1UnmUnms+1 =0, c1, by #0,

2
d Un+1,mUnm Un.m
——Unm = (1 - Eﬂbg)é +cal|tpim+—"7"—1,
dt; Up—1,m Un—1m
d _ (Un,m+1 + b2un,m)(un,m + b2un,m71)

Un,m
dts asUp,m+1 — batin m—1



Unt+1,m+1Unm + Unt+1,mUnm+1 + a3Unt+1,m+1Unm+1

+CiUpmUnm+1 = 0, c,a3 7& 0,

d Un+1,mUnm u%,m
Unm = +c | Upr1,m + )
dt Up—1,m Up—1,m
2
d _ Unm—1Unm Un.m
Upm = + a3 | upm-1+
dty Un m+1 Un m+1

6. Discrete Burgers equation: as, by, d,|d + byas| + [b? — 1| # 0

(Un+1,m+1 + d)(un,m + 33)Un,m+1 + bl(“n,m—i—l + d)(un+1,m + 33)Un,m =0,

d _ Up1m— U
7 Unm= (_bl) mUn,m(un—l—l,m - Un,m)Cl + (_bl)mwcé
dt; Upn—1,m
(19)
d (Unm_un m+1)(unm+a3)
- — _b n ) ) ) C
dt2 Unm ( 1) Unmt T d 3+

(_bl)_n(un,m - un,m—l)(un,m + d)

C 20
Upm—1+ a3 * ( )



Comments to List

While the equations 1-5 of the above list are pure analogues of the
sin-Gordon equation, the equation 6 is Burgers type equation. The
symmetries (19,20) depend on arbitrary constants Cy, G, Gz, Gy,
which may equal zero, and this is natural for Burgers type
equations. As well as in continuous case, the equation 6 is
obtained from a linear equation by discrete analogue of the

Hopf-Cole transform
Upm = Ynt1m (21)

Vn,m

Non-autonomous linear equation

Vn+l,m+1 = an,mVn+1,m+Bn,mVn,m+1+'7n,mVn,m7 An,m, ﬂn,m, Yn,m 7’5 0,vn,m
(22)
is transformed by (21) to

(Un+17m+1 - ﬁn-‘rl,m)(an,mumm + 'Yn,m)Un,m—i-l
(23)
= (Un,m+1 - /Bn,m)(an+1,mun+1,m + ’Yn—&-l,m)un,m-



The equation (6) is particular case of (23) corresponding to
5n,m = —d, Onm = (_bl)n) Yn,m = 33(_b1)n' (24)

The generalized symmetries (19,20) are obtained from the
following symmetries

d _
Thvn,m = Cl(_bl) mVn—i-l,m + C2(_b1)mVn—1,ma
d
Tbvn,m = _C3Vn,m+1 - C4Vn,m—1

of (22,24) by same transformation (21).



Equation with a non-standard symmetry structure.
The equation

Un+1,m+1(un,m - Un,m+1) - Un+1,m(un,m + Un,m—l—l) +1=0 (25)

satisfies all integrability conditions (14). It possesses one of
symmetries of the form (6):

d U%m"" Un.m—1Unm+1
—Upm = (—1)"— ’ ’ 26
a5, 'nm = (1) Unm i et (26)
However, there is no second symmetry of the form (6) and
therefore no five point symmetry (3,4). For eq. (25) we have
found a more complicated generalized symmetry:
d
Tnun,m = hn,mhn—l,m(anun+2,m - an—lUn—2,m)7 (27)

hn7m =1- 2un—i—l,mun,m7 dp42 = dn-

Equation (27) is a new example of Itoh-Narita-Bogoyavlensky type
lattice. The symmetry depend on arbitrary two periodic function
ap, which can be presented in the form: a, = 3+ a(—1)".



The equation (27) have the following two conservation laws

d (i)
n,m — T -1 n,m
e (T1—1)qn,

with densities:

(1) (2)
Pnm = log hn,ma Pn,m = anhn+1,mhn71,m_an71hn,m_zanun+2,mun71,m-

Functions qmn are found automatically. There is also the following
generalized symmetry

d
Iun,m = hn,mhn—l,m(bnun+4,mhn+2,mhn+1,m - bn—lhn—2,mhn—3,mun—4,m
3

+2Un,m(bn—1 Un+3,mun—2,mhn+1,m - bnhn—2,mun+2,mun—3,m)
2 2
+2(2Un+1,mun,mun—1,m — Un+im — Un—17m)(bnun+2,m - bn—lunf2,m)
+2Un,m(bn—1 Upt1,mUn—2,m — bnun+2,mun—1,m))7 bn+2 = b,.
(28)

It can be checked that (28) is also a generalized symmetry of
discrete equations (25).



Darboux integrable equations.
List
3 (Darboux integrable equations with N point integrals, such that
N>3)
1.

(Unt1,m+1—Un+1,m)(Un,m—Un,m+1)FUnt+1,m+1+Unt1,m+Un m+1+Unm = 0,
2(Unt1,m + Unm) +1
(Un+2,m - Un,m)(UnJrl,m - "’nfl,m)7
)7 Unm+1 + Unm—1 — 2(Un,m + 1)
Up,m+1 — Unm—1

Wy =

Ws = (-1

2. by, |1 — 1]+ |aa] £0,
Unt1,m+1(Unm + b2Un mt1) + Unt1,m(b2tnm + Unmi1) + ca =0,
u,,+1,mu,,7m(b§ — 1)+ byca
(Un+2,m — Un,m)(un+1,m - Unfl,m)’
bo(Unm+1 + Unm—1) + 2Unm

Upm+1 — Upym—1

W =

Ws = (~1)"




4.

(Un+1,m+a3 Un+1,m+1)(un,m+a3 Un,m+1)+ Un+1,m+un,m+37

3+ 1

(33 + ]-)(Un—i—l,m + Un,m) +1
(Un+2,m - Un,m)(un—i-l,m - Un—l,m)7
W < Unm—1+ aslnm + 1 >(1)"

2 pu—
V _33(Un,m + a3 Un,m+1)

bz = —1 Discrete Liuville equation Hirota 79

Wi = (—83)7’”

Un4+1,m+1Unm + b3un+1,mum,n+1 +1=0, b3==£l,

Wy = (—b3)m Upnyim — b3un71,m

)
Un,m

W, = (—b3)n Upm+1 — b3un,m71

Unm



5. Discrete Liuville equation Hirota 87

(Un+1,m+1 + 1)(Un,m + ]-) - (Un—l—l,m - ]-)(Un,m+1 - 1) = 07

Wi — u%’m -1
(Un+1 m T+ Un,m)(un—l,m + Un,m)’
Wy — U%,m -1

(Un,m+1 + Un,m (Un,m—l + Un,m)

(Un+1,m+1_1)(Un,m+1)Un,m+1+(Un,m+1_1)(un+l,m+1)Un,m = 0,

Wy = (_1)m(un+1,mun,m - ]-)Un—l,m

)
Up—1,mUnm — 1

n(un,m + Un,m+1)(un,m71 + 1)
(Un,m+1 - 1)(Un,mfl + Un,m)

Wa = (-1)



List
4 (The case when one of first integrals is two point one)

1.
Unt1,m+1Un,m+1 + b2(un+1,m + d)(un,m + d) = 07 by 7é 07

Wi = (_b2)7m(un+2,m - Un,m)(un—l—l,m - Un—l,m)7

Wy = <\/_7b2(un,m + d)>(—1)"

Un m+1

2. Adler Startsev 99

Un,mun,m+1(un+1,m+1+b1Un+1,m)+un,m+blun,m+1 = 07 b1 = 17

Wy = (— byttt 1

Unm

Wo — (Un,m+2 + b1 Un,m+1)(un,m + by Un,m—l)
2 p—

(Un,m+2 - Un,m)(”n,m—&—l - Un,m—l)



3. Mobius transformation of example from Startsev 2010

Upn+1,m+1Un,m+1 — Un+1,mUnm + Unm+1 — Unm = 0,

W = Un,m(un—l-l,m + ]-)7

W- (Un,m+2 - Un,m)(umm—i-l - Un,m)
2 =
(Un,m+2 - Un,m+1)(un,m - Un,mfl)
4.
Unt1,m+1Un,m — Up+1,mUnm+1 + Upyim — Unm = 07
Upt1,m — Upm Upm+1 — 1
W]_ =, W2 =t

Upm — Up—1,m Un,m

5.

(Un+1,m+1 — Uptim+ b4)(un,m+1 — Upm+ b4) = d27 d 7é 0,

Wi = Upn+i,m — Un—1,m,

_1)n Upm+1 — Unm + by — d

Wo =
2 ( Upm+1 — Upm + bs +d



2
Un+1,m+1(a2 Upnm + Un,m+1) + A Unt1,mUnm = 0, a»#0,
—3m
Wy = dy  Up+1,mUnmUn—1,m,

Wy = (d)in dalUpnm — dUn,m—i—l d=— 1+ \/gi

i?=-1
— apxdup m’ 2
Up,m+1 — @2dUpn m

7.
Un+1,m+1(32Un,m+un,m+1)+un+1,m(3%Un,m_32un,m+1) =0, a 7é 0,

2\
Wi = (—a3) " Un+1,mUn—1,m,
n@2Unm + iUpmi1 .

Wy = jn22tnm = Mnmil o4

Upm+1 + @2iupm

8.
Un+1,m+1(32Un,m+un,m+1)+Un+1,m((a%_dz)un,m+32un,m+1) =0, d 7é 0,

n (32 + d)un,m + Up,m+1
Un,m+1 + (32 - d)un,m

W, = Jrtlm Wy = (—1)

b
Upn—1,m



Unt1,m+1Unm+1 + Unt1,mUnm +c = 07

Un7m+1 ) (71)"

Up,m-1

Wi = (—1)"Quos1omtinm + 1)y Wa = (

Comment The first integrals W of the form W = ¢(-1" can be
rewritten in the form

W= (_1)n¢’ QIQ z

see examples eq.3 of List 3, eqgs. 1,9 of List 4.



Equations linearizable via a 2-point first integral
A 2-point first integrals in the second direction (or in the
m-direction) which are of the form:

(TL—DWso =0, Ws = Wi (tnm, tnmi1). (29)
If equation (2) equivalent to relations (29), then it equivalent to
Wy = k. For example, if equation (2) can be written in the form

Vilpm+1 + V2Unm + V3

Ti¢ = ao + B, - , a#0 30
¢ (;S 6 ¢ Valp m+1 + VsUpm + Ve ?é ( )
then it has the first integral in the m-direction:
W o+nB, a=1
2= of"((b—k%), a#1
Equation W) = k,, can be rewritten in the form:
Upm+1 + MnmUnm + Nnm = 0. (31)

So equation (30) equivalent non-autonomous non-homogeneous
linear equation (31).



For any equation of List 5 below, there is a relation of the form

019+ 62

T106 =

(32)
shown in the list, and the function ¢ has the form shown in eq.
(30). By using an autonomous linear-fractional transformation of
the function ¢, we reduce the relation (32) to the form (30), and
that transformation changes in the formula for ¢ the coefficients v;
only. So, all equations of List 5 are equivalent to a linear equation
(31).

Equations of the following list are defined by some relationships for
the coefficients aj, bj, ¢; of eq. (2), and all the equations have the
following restriction:

31:b1:C1:O.



List
5 (equations possessing a 2-point first integral of the form
(29))
1. a3 #0, ax#b3, as#c3, ax# a3,
ascr(ax — b3) + ax(bzas — axc3)

by =
az(as — c3) ’
a3y — C3az + asbs
b4 = )
as
_ a3c2(as — 3) + c3(az2c3 — bsay)
Cy =
83(32 — b3)

(a2 — b3)(a2c3 — azc) Un,m+183(32 — b3) + czar — asbs

T = —bs, =
10 (¢ + a2)(as — c3) 0
2. a3 75 07 b3 75 0, a3y 75 dsqC3,

Unm(az — b3) +as — c3

b? asb c3b
3 403 303
a=0b, b=— b=— o=—.
a3 a3 a3
3¢ + aas
h=—-———— o= Un,mb3 + Up,m+1a3-

¢ + ag.



. 32#07 b37é0533:05 3= 2sbs

a ’

by — ax(b3co + asby) — asby bz _ag(a2ca(b3 + a2) — agbab3)
ﬂ¢__#§_m’¢:me£+Q@—aw_
a2 Un,ma2 + a4
a3 # azby,

_ 2axcc3 — c§b2 — 33c22

ag=¢, b3=a bi=c, <

2
a, — b233
2
axp + by Unmt1(a5 — azba) + crar — bocs
Tip= 20772 : ,
a3p + ap Unm(a5 — a3b2) + czar — a3
. a3#0, axb3 # azby,
C3b3 C3ar Cg
dq = C3, b4:7 C = —, Cp = —.
as as as
_ b3p + bras Unm+1d3 + C3

, 0=

Ti¢ =
? ¢+ a2 Un,m



For example, any equation of the form

Un+1,m+1(32Un,m+a3un,m+1)+un+1,m(b2un,m+b3un,m+1) =0, axbs 75 a:

is a particular case of eq. 3 (if a3 = 0) or of eq. 5 (if a3 # 0) of
List 5. Egs. 6,7 and 8 of List 4 are of this form too.

Theorem

A nondegenerate and nonlinear equation (2) has a first integral
(29) if and only if it belongs to List 5. Any equation of List 5 is
equivalent to a linear equation of the form (31).



Here a first integral is of the form:
(T2 — 1)W1 = 0, W1 = W,Sql)(u,,,m, un+1,m). (33)

An equation (2), possessing such first integral, is equivalent to the
relation (33) and hence to the equation Wy = k.
For example, if there are the relations

V1Up+1,mUnm + V2Unt1m + V3Unm + V4

T2p = ap+p, ¢ = ;. a#0,
VsUnm + Ve
(34)
with constant coefficients a, 3, v;, then W has the form:
o+ mB, a=1,
Wy = 35
1 {a‘m(¢+oﬁl>7 o # 1. (35)

Moreover, the equation Wi = Kk, can be rewritten in the form:
V1lUpt1,mUnm + V2Upy1m + ,&n,mun,m + ﬁn,m =0.

After non-autonomous Mobius transformation of uj, , the last
equation can be expressed as:

Z\anrl,m + Mn,man,m + NMn,m = 0. (36)

o~ . - . PR . S m 2\ .



List
6 (equations possessing a 2-point first integral of the form
(33))

1. 33#07 bl#oa b27éo) ‘33—32’+|b1C4—C2b2|?é0,

b1 as an b2 do b2 d» b%
ai b2 y a4 bl ’ 3 a3 ) 4 b1237
_ by(b}co + azbrc, — azbica) _ bibycy + azbocy — azshiy
= b3 y @B = p2 .
2 2
b b
Top = —p— — bycy — azcr + 13364,
a3 bo
b= Unt1.mUnmb1baas + tni1.mazb? + az(bics — baca)
Un,mbl + by .
2.a3#0, b#0, a1=0, a=0, b =0,
b433 Coas
_ DB 0 =0, o= 2B
da by 3 a 3 by

b>
Top = _;3(¢+ C4)7 ¢ = Un+1,mun,mb2 + Un+1,mb4 + Up,mC2.



-347&07 b37é0a b47é07
a4b3

31:07 322747 3320, b].:Oa b2:03
o — c1bi + bsascs — asbacy o — babscs + agbscs — agbscy
2 b3b4 ) 4 b%

by Unt1 mbg + bzcz — c1ba
T = —— = 4
0= 2o +a) o v

a1 #0, b1 #0, |b3|+|c3]#0, a3=0, as=0,

a1 b3 aics
QQZT, b2:0, b4:07 CQZT, C4:0.
1 1
b un+1,mun,mb1 + Un+1,mb3 +c3

Ta¢ = —;i(¢+ a), ¢=
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For example, egs. 2,3 and 9 of List 4 are the particular cases of
equations presented in List 6.

Theorem

A nondegenerate and nonlinear equation of the form (2) has a first
integral defined by (33) if and only if it belongs to List 6. Any
equation of List 6 is equivalent to a linear equation of the form
(36) up to a non-autonomous Mébius transformation of its
solutions up, m.



Additional results

Viallet equations
This equation is defined by following conditions for (1):

F(Un,m7 Un+1,m, Unm+1, Un+1,m+1) = F(Un+1,m7 Un,m, Un+1,m+1, Un,m+1)
= F(Unm+1, Unt1,m+1, Un,ms Unt1,m);

and depends on 7 arbitrary constant parameters. As it has been

shown that the Qv equation has generalized symmetries (6) for all

values of these parameters. Intersection of our class (2) with Qy
has next form:

(Un,mun+1,m + Up,m+1 Un+1,m+1)k1 + (Un,mun+1,m+1 + Un+1,mun,m+1)k2
+ (Un,m + Unt+im + Un,m+1 + Un+1,m+1)k3 + ks = 0.
(37)

If k, = ko = 0, then this equation is linear.



Theorem

The equation (37) with ki # 0 or kp # 0 is Darboux integrable or
degenerate or equivalent to linear.

Proof. Considering all possible cases it is easy to check that eq.
(37) is degenerate or is equivalent up to linear transformation
Unm = aUpm + [ to (11) or to one of equations of 1,2,4 of List 3
and 9 of List 4.1



Xenitidis
The Qv equation is generalized by a class of polylinear equations
given in Xenitidis 09 by
F(Un,ma Un+1,m>Un m+1, Un+1,m+1) =T F(Un+1,m7 Un m, Un+1,m+1, Un,m+1)
= 7T2F(Un,m+17 Upnt+1,m+1, Un,m, Un+1,m)7 ™ = :t]., my = 1.
All equations also have the generalized symmetries (6). In addition
to the equation Qy, we have here two other possible cases (up to
transformation n <> m):
(Un+1,mun,m+1 Upt1,m+1 + UnmUnm+1Un+1,m+1 — UnmUn+1,mUn+1,m+1
- Un,mun+1,mun,m+l)k1 + (Un,mUnJrl,m - Un,m+lun+1,m+1)k2
+ (Un,m + Unti,m — Unm+1 — Un+1,m+1)k3 =0,
(Un+1,mUn,m+1Un+1,m+1 — UpmUnm+1Un+1,m+1 — UnmUn+1 mUnt+-1,m+1
+ Un,mun—i-l,mun,m—i-l)kl + (Un,mun+1,m+1 - Un+1,mun,m+1)k2

+ (Un,m — Un+i,m — Unpm+1 + Un+1,m+1)k3 =0.



Theorem
Any Xenitidis equation of both forms is equivalent to linear
equation up to an autonomous point transformation.

Proof.Both classes are invariant under autonomous Mobious
transformations. Using Mobious transformation we always can
make k1 = 0 and koks = 0 in both equations. So we get a linear
equation or one of equations (11).1



