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Abstract
We present physical onsets of novel integrable
generalizations of the Maxwell-Bloch equa-
tions describing electromagnetic field interac-
tion with a two-level systems (TLS).
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I. DISPERSIVE HOST MEDIUM

The Maxwell equation is
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here N is a density of the TLS. Nonlinear part of the polarizability
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The susceptibility €(t) describes the retarded reaction. For a TLS

Prrs = (da1p12 + di2pa1), where dio = di; are the elements of the
dipole matrix d;;. pij, 4,7 = 1,2 is the density matrix of the TLS.

Dielectric medium
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Present the electromagnetic field amplitude as
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where +wqy and +kj are the carrying frequencies and the wave

vectors, respectively, wg = ckg. €(x,t) is the slow envelope:
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Let
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S(z,t) is the slow amplitude of off-diagonal elements of the density

matrix pia(x,t):
pro(x,t) = S(x, t)e!For==ol) - po (2, 1) = S*(z, t)e kor=wol) (g)

Neglect the terms (|0:S|/wo)",n = 1,2, (|0:(t)]/wy)" and

(10:S(t)| /wo),m =1, 2.
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From Maxwell equations we get
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Maxwell equation, neglecting all terms with & > 2,
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The Bloch equations are:
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here wys is a frequency of the two-level transition.
Novel integrable dispersive Maxwell-Bloch

equations (DMBES):
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II. A ZERO CURVATURE PRESENTATION

ro, 71,72,V € R, 19 #£ 0,79 — V1] — V21 = 0.
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Spectral problem is generalization of the Wadati-Konno-Ichikawa
(WKI) problem. Inverse transform technique for (bx = 0) by K.
Konno et al, (1981).

Reduction is : v =7, =0, Im(iU) =0 =

0%0 , 0*
rox = sinf + Tog 5 sin 0, (29)

iU = 0.0. A. Fokas (1995). Eq. (29) transforms to Rabelo

equations (R. Beals, M. Rabelo (1989)).
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There are 4 sets of symmetries determines by constants.

[. Abnormal dispersion (subindex below 1):

ry < 0, mg <0, ] — 4ro|rs| < 0. (30)
_ Varg|re| — 17
br = fo L ifr, b1 = (31)
4|

I1. Normal dispersion (subindex 2):

ro > 0, m(2)>0, ?“%+47’07“2>0. (32)
Arory + r?
br = By £ Bo, Bo= 12 L (33)
T2
1
= —, 34
B= 1 (31)

A — X — [y + gauge transform:
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and
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where
Wy = |mg|Ue™ %7, (39)

Introduce the new variables 7.0 and the new functions
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A= B)F;  iAGs

FLQ = O, Sz = —1, S = O, T, O — +o0. (44)

The ISTM applications by means of solution of the Marchenko
equations or Riemann-Hilbert problem give
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solitons in implicit form.
Abnormal dispersion (ry < 0)

2(pe 171 cosh(z)

Fl(Ta X) — COSh(w)Q N Cg 3 (45)
_cosh(y)® = (5

Gi(T,x) = Cosh(P + 2 (46)
I 4 2

¢ =2n (T - +’Zj7‘;7 x) +a, (47)
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Time dependence is obtained by integration of 8,7 = G (7).

Soliton solution
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no(x) = —¢(1 = 0)/(2n).
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Figure 1: 1) = 1.0. Modulus of the soliton amplitude U, vs 7 is shown
by the dashed line for |r5| = 0.0001, by pointed line for |ry| = 0.02,
and by solid line for |ry| = 2.0.

III. SOLITON. NORMAL DISPERSION (r; > 0)

Ca(x) = ba(x;in)/Ora2(X; A) |a=iny # 0, (52)

where as(x; i) = 0.
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Denote

2
‘02’ e—Qi()\*—)\)(@—Vl)() — 6_29, (53)
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%+ A o
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Then the soliton is

| cosh(6 + i0)|* + K*

~ Jcosh(f +1i0)|? — K2

2k cosh (0 + i) e*V2x—io—ion
~ |cosh(f +id)|> — K2

For Imn = 0,71 = 0,v = 0 we have Vo = 0, 6 = 0, 0y =

(57)

(58)

2N+/
L AL - (59)
\/4An?ry + 1o
4 2
9= [@_ ﬂx] (60)
4n

The modulus of the soliton

2n+/1 4 4n?rs cosh(6) (61)
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0 is found by integration of D;* = 9,0.
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Figure 2: 1) = 2.0. Modulus of the soliton amplitude U,, vs 7 is shown
by the pointed line for ro = 0.001, by dashed line for ro = 0.05,
and by solid line for 7y = 0.2 (Topless soliton).
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IV. A FAMILY OF INTEGRABLE MODELS OF DISPERSIVE MAXWELL-
BLOCH EQUATIONS TYPE. AKNS-TYPE THEORY

Field is linearly polarized a few cycle pulses. The Maxwell-Bloch
equations for the TLS with a permanent dipole momentum:

0R,

5 (1 = p&) R, (62)
OR

——= = (1—puE) Ry — ERy, (63)
o

=5 —ER,, (64)
or )

o0& v* 0

a—X = RZ + ZﬁR% (65)

where 7 = w(t —x/c), p = (di1 — do2)/(2d12), d;; is matrix dipole

momentum. R is the Bloch vector:

2d12U
E = 66
hw Y ( )
Ry = p12 + pa1, (67)
Ry = —i(p12 — pa), (68)
Rz = p11 — p22. (69)
Ard?, N
X = e R (70)

ch
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The zero-curvature representation is

—IA 1 (1 —~A\) F
0,d — E=NE (71)
i1+ F i)

1—|—lu2 a a_

@ pu—
O 1 —4(1 + p?)\2

where

a =1\ (1 — *y2)\2) (/LR1 + RS) :
LFAA | (1= A7)
a —
VT | VAL ) —

1
7y VITH I~ 7Ry,

= (1iR3 — Ry)

" E\/1+ p? (73)

= — ’]’]’L7
VAL + p2) =72
m = p{(1+ )41 + p2) =12
O(7,x, A), A are the matrix valued function and the spectral

parameter, respectively.
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V.

The equations are:

ov

SECOND HARMONIC GENERATION IN DISPERSIVE MEDIUM

5 = wwV + iUV, (74)
-
ou ., ov:  9%V?
a = irgV° + T +iry 57 (75)
v,ri,k=1,2,3 € R,
Introduce S = V2, S, = |V?| and rewrite as
0S5
o = ivS +2iUS., (76)
05,
= (US*-U*S 77
e i - (7
ou . oS . 0°S
v irgS + Tig + ir2 5 (78)
here 7 = (t — z/c)wg, v = (wy — wi2)/wgr, S, = p11 — P22,
ro = qo, T1 = —QWR, T2 = —qawy U = d12€ /(hwp)
_ _ _ 2
o = qo, "1 = —q1WR, T2 = —({2Wp, (79)
2 d?owo N
X = ozt (80)

cﬁwR
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For ro # 0, rg+vr) — V2r2 = () the zero-curvature representation

for (76) — (78) is

—iA mg(A+b)U

0,0 = D, (81)
(A+b,) U I\
p=mo(A+b), p=mo(A+by), (82)
b \/ T2+ drors (83)
T 47‘2 T 47“2 ’
—4r
2 2
— 84
o ro+ vry — vy (84)
and
1apS, a1S + 1ry0,.5
0,0 = Ad = ’ s +ir0:5) ) o)
/AL/ (alS* — z'rzﬁTS*) —iaOSz
—10 + 2r i\ + 4o \?
— 86
@0 v+ 2\ ’ (86)
_ 2(rg + vy + 2urg)
= v+ 2\ ' (87)

Where ®(7, x, A) is the 2 x 2 matrix-valued function and A is a

spectral parameter.
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Thank you for attention!
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