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Hamiltonian

A one-dimensional potential flow of an ideal
Incompressible fluid with a free surface in a gravity field
fluid is described by the following hamiltonian:

H= [l + vk~ [{(0)? = (s
+3 [ (o + Ghtnknk)) Y + ..

here n(x,t) - is the shape of a surface, ¢(x, z,t) - is a
potential function of the flow and g - Is a gravitational
constant.
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Classical variables ¥, n

Normal complex variable ay:
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Normal variables a;

a; satisfies the equation

8ak 5[‘]
ot + Zéa}‘; =0,

Three wave resonances are absent

k — kl—l—kg,

W — wk1+wk2, NO.

Cubic nonresonat terms can be excluded by canonical
transformation:

A — bk
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Transformation a. — by

ap, = b+ / {—Vkﬁ@bklbkﬁk—kl—kg + 2V5L biy b Oy — ks —
ity iy O 1 | i dlip

T / | AR ko i Dok + Api D7, iy b, +
AR by by, + AFRRRs b b by ] dkydkadis.

Poisson brackets

{aklv CLZQ} — 5(]{71 — kQ)? {aklv ak2} =0

provide conditions for Vi, , Ugyx, and A.
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Transformation a. — by

It is possible to cancel nonresonant both cubic and fourth
order terms if

k
i Viiks 0. Ukk: ks
kiko — ) kki1ko — .
W — W, — Wg, Wi + WE -+ Wi,
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Classical variables b,

Coefficients A with upper and lower indices are equal to:

Akl koks
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Akkl ko
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Zakharov equation

y 1 )
ib = wibi + 5 / T2 %30 by bty Oty — oo — kel rceodl ks
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Zakharov equation

y 1 )
ib = wibi + 5 / T2 %30 by bty Oty — oo — kel rceodl ks
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T2 vanishes

On the resonant manifolld

k+k1:k2+k3, wk+wk1:Wk2‘|—wk3,
ko= a(l+¢)",
ko= a(l1+)°C,
k2 — _aCQa
ks = a(l+¢+ %)%

here0 < ( <1landa > 0.
T)2% = 0!

If S0, It Is possible to simplify four-wave interactions -
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Canonical transformation for by, k > 0

Using this diagonal part (Tkkl), one can construct the
following function:

~ 1 1
Tlfgkklg = §(Tkzkzz + Thks + Thyky + Thykg) — Z(Tkk + Ty kg + Thoky + Thyks) | O(kk1k2ks)

T} coincides with original four-wave coefficient on the
resonant manifold. Choose W, as follow

rkk1 kk1
Tkgkg o Tkgkg

WE + Wy — Wy — Wk

17kk1
koks ~—

1 ~
H = /wkbkbzdk—i_i /T]f]zlkgbz Zlbkgbkg5k—|—k1—k2—k3dkdk1dk2dk3+- ..
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Compact Hamiltonian

H = /bwkbda;Jr /W[ (bb™* — b)) — f(yb\?] dx

Corresponding dynamical equation is

z(% b +
— =w
ot~ "

DN | — ] .
1

50 = 507 58|

0

b-K(\b’! ) — 8—(19’ <(|o| ))]
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Transformation from b, to n;, and




L B Wi —+ Wk, -+ W, —+ Wi, 1
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Conclusions

"= %/(9772 +yky)dz ——/{ k)? — () }nda+
3 / {rat®kt) + Dk (nk (k) Yo + . ..

1 - )
H = /b*dzkbdx 5 /W B(bb’* — b)) — KW] dx

n(z) = M(b(x),b*(z))
w(xr) = V(b(z),b*(z))
1 k
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