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Surface of Earth is oblate spheroid
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Motion equations in rotating frame (), o, 1)
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Equations of continuity and advection of entropy:
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Approximations
1. Potential: & = &, — %QQZQ ~ gr.

2. Traditional approximation: rhs=0
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3. Shallow Atmosphere & Ocean:




Approximation of metric form
Metric form for spherical coordinates

ds® = r? cos? pd\? + r2dp? + dr?. (8)

Near spherical surface

r=a, dr=dr. (9)

Approximate metric form

ds® = a® cos? pd\? + a’dp? + dr?. (10)



Riemann manifold

ds? = (hldq1)2 + (hqu?)2 + (h3dq3)2 , (11)
ou OH
— tJ5-=0, (12)

fo= (fo+efi+e2fo+..)(go+eg1 +e%go+...) =
= fogo + e(fog1 + f190) + °(fog0 + f191 + fogo) + ...



Rotating Shallow water equations

ds? = (hldq1)2 + (hquQ)Q, (13)

Lame coefficients

hi1 =911, ho2 = /922

Physical components of velocity u

dq? . dg® .
uy = hlﬁ = h1¢t, un = hQE = hod?, (14)



Equations for U1y UD, h
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hD— —— | hD—=] =0, 17
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dt Ot h10q'  hoOq
where D = det(g;;) = h1ho, f = f(qt,q?) - Coriolis function.
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Equations for Uy, Us, h

Covariant components

Ui = hiu1, U>s = hous.

duy  U? 0 1 5 0 1 Us  Ogh
—=+ +Us- 555 fD5+-7=0,
dt = 2 0qlh? Oql 2h3 hs = Oql
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dt + 2 g2 h% + U5 0q? Qh% 7 h% + 0q? ’
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hD— | + — |hD=5 | = 0.
ot T Oqt ( h§> dq2 ( h3
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Hamiltonian structure

A6H
= 0, 23
875 + su (23)
where Poisson bracket
Dt hD?2  hi ang
= 1 2. _ w 1 0 1
'](q y 4 ,’LL]_,’LIQ,h) — hD?2 0 h28q2 D ) (24)
190 1 10 1 0
\ Doglhy D dg?ho )
0 0
©= 5 (houz) — 02 (hiu1)

and Hamiltonian
1
H = 5/ [u? + 3 + gh| hD dg'dg? (25)
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For variables

Uy = hiuy, Up=houp, H =hD, (26)
Poisson bracket
fD+w 9
0 ara oU, AU
J(qt,q% U, Us, H) = | 129 ¢ 2, w=22-1
q Oql g2
_0_ _0_ 0
\ 94’ dq° )
(27)
Hamiltonian
QH 1
hdqtdg? , .
2/[ ] q-aq
For plane geometry hy = ho, = 1 and Coriolis parameter f

therefore the difference is in term fD.
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Formal transformation to eliminate f

0 8,
V1=U1—f, V2=U2—6—52+F(q1,q2), (28)

where £ = £(q1, go) arbitrary function and F(q1,¢%) = [ f(ql,¢?)D dqt
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H 2/ w2 + 2 +5 q~dq”. (30)




Plane

_ — =0
dt fU+gax 3
dv Oh
il — =0,
y 4—fU4—gay
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T on T Oy =

;= Jo, f=Jfo+ By
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Casimir functional

ov Ou

1
C = /hC(q)daf;dy, q= -

where C(q) arbitrary function.

For general Hamiltonian

oC  o0HOC . dHOC
poC 4 SOC  SEIE g (34)
ot ou Ox ov Oy

or for RSWE Hamiltonian H = %f [uQ + 02 + gh} h dxdy

oC

C(q) is Lagrangian invariant.



General surface of rotation

Canonical metric form (g1 = \)

ds® = (h1(¢?)dg")” + (dg*)>. (36)

Isothermal coordinates

ds® = n?(q®) ((dg")? + (dg*)?), (37)

Volume-preserving coordinates:

ds® = (h1(g2)dq1)? + (ha(g2)dg2)?, hihy = 1. (38)
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du ui | uoOh 1 0(gh
W14 oy 4 | w29 | 1O _
dt h1| ho Oq h1 Oq
d oh 1 d(gh
L N PYSRIC § OO LCi! (9)207
dt h1 hQan ho 0q?
oh 1 0 1 0
—+ ————(h hih = 0,
ot T hioq (hui) + hlhgan( 1hup)
where 29 angular velocity. Coriolis parameter
1 oh
f=-2Q 7
ho 0¢?
and the coefficient fD from Poisson bracket
dh?
fD=—-Qp——2

dq?’

(39)
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(43)
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Sphere

Radius a, longitude X\ and latitude ¢

ds® = a? cos® pd\? + a’ dp?, f=2Qqsiny

Volume-preserving coordinates: A and pu = sinp

a2

2 =290

ds® = a?(1 — p?) d)\? + -

Isothermal coordinates: A and 8 = arctanh u

ds? = a?(1 — tanh29) (dAQ + d92) . f=2Qqutanh6

(44)

(45)

(46)
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Spheroid

Radius a, longitude X and reduced latitude o

ds® = a°® cos? ¥ dA\2 + a2 (1 — e? cos? 1) dip?, (47)
£ =20, Sin Y | (48)
\/1 — 2 cos2

£D = Qqgsin(2y). (49)
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From Spheroid to Sphere

1

(e, ) =
86 \/1—62c052¢

—1= %eQ cos? i + O(e* cos* ). (50)

a2

1422 dip?. (51)

ds? = a? cos? 1 dA? +
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du : g O0Oh __
a4 [290 " acow“] VST Ccospon T
dv : goh
@ Tt [290 " acosw“] usin ) Gy =0

Oh 1 0 1 9
Y +acos¢8>\ (hu)+(1+€)acos¢a¢ (hvcos) = 0,
d o u 0 v 0
£_8t+acos¢8)\+(l+€);@'
1 5 5 a2
%—Ef[u + 02 + gh| h - — cos v dAdy.

(52)

(53)
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Hamiltonian expansion

2
U=uwacosy, V=v——— H=h cos 1), (56)
1+4¢ €
O —g¢q a@
T UV,H)=| a 0 &5 |, (57)
0 0
ox o U
where the potential vorticity
oV  oU
Qo sin(2 —
q= H(O (@b)-l-(,”\ (%)
Hamiltonian
1 1 1+ ¢
Hz—/ U2 V2(1 4+ )2+ gH H dA\d
2a2 [ c052¢+ (1+e)+yg COS ) ¥
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From Sphere to f-plane

Introduce new variable y such that ¢(0) = ¢g.

2 d
ds® = a” cos? god)\Q + a? (gpl) dy2, o = —90

dy
Coriolis parameter
f=2Q0qsinp(y).
Our Aim is to get a constant for fD
d |a? cos? p(y)
fD = - [ }=foDo7ﬁO,

dy
where fo = f(vg) and Dg = D(¢q).

(58)

(59)

(60)
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JoDo

cos? p = Cos? g — coY, Co = T (61)
a<$20
Solution
T 1
=55 arccos (coy — CoSs 2¢g) (62)
2 2 ( 2 ) 2 ‘ZQC% 2
ds© = a“ [ COS*“ wg — coy ) dA\“ + _ dy~.
4(cos? g — coy) (sin? g + coy)

(63)
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U= ua\/C052 wo—Yy, V = a , (64)

=
2/(cos? g — y)(sin? po + v)

a2

H=h (65)
2\/5“’12 w0+ Yy
Poisson bracket is identical to f-plane model
0 —g¢q %
Ty UV,HY=| ¢ 0 4 |, (66)
9 9
o\ Oy
1 AR
= | Q —
1 H< 0a” + O\ 3y>
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[[AMUNBLTOHMAH CUCTEMbI €CTb

1 U2
H=_— /
2a2 COS2 g — ¥

+ 4V2(cos? g — y)(sin v + y)] H dAdy+

1
+P/9H Vsin2 oo + yH dAdy.

Expansion for small y

1 U?
Ho = 272/ o o + 4V2 cos? pg sin® g + 2gH sin @O] H d)\dy,
(67)
Hy = / vs_ 4V2(cos2 og — sin? o) + 9| i axd
1 =242/ Y |cos? o 70 707 T Sin vo v

(68)



From Sphere to g-plane

Introduce dimensionless variables

| = (a/L)\, m=(a/L)n

- where L characteristic scale

7.20m,2 7.20m,2 -1
d32=L2<1— ?)de—I—LQ(l— Z‘) dm?2.

a a

L2m2
U=ul\l1l—

\/1_L2 2

(69)

(70)
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Hamiltonian system

_ el oH

o g + ; oq Y 1 0 (71)
- q Y YL p— ,
o\ o o o G\ ok
ol Om oh
where potential vorticity
1 ov  oU
220 L )
= h ( 0 m T ol  Om

and Hamiltonian

1 712,72\ 1 7.20m,2
%:5/ U2<1— a?) —|—V2(1— >—|—ghL2

h dldm.
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Approximations may be obtained by expansion by small parameter
L/a of the Hamiltonian H

H =Ho+ Hi,
where

1
o= / U2 + V2 + ghL?)| hdidm,

=3/

L22

_ VQ} h dldm.
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Applications:

1. Numerics: conservation of Casimir functionals

2. Shallow flows over complex surfaces
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