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• Classification of integrable equations - classification

of Lax representations.

• Kac-Moody algebras: graded Lie algebras

• Automorphic Lie algebras: quasi–graded Lie alge-

bras

• Finite reduction groups, automorphic Lie algebras

and corresponding integrable systems

• soliton solutions for two-dimensional Volterra chain.



Lax pair:

L =
d

dx
− U(x, t;λ), A =

d

dt
− V (x, t;λ)

LΨ = 0, AΨ = 0

[L,A] = Ut − Vx + [U, V ] = 0



Example (2-dimensional Volterra chain):

L = ∂x + λ−1u∆− λ∆−1u

M = ∂t + λ−1a∆− λ∆−1a + λ−2b∆2 − λ2∆−2b

where u, a,b are diagonal matrices and

∆ =


0 1 0 . . . 0
0 0 1 . . . 0
0 0 0 . . . 1
1 0 0 . . . 0


In variables u = diag (exp(φi)), a = diag (θi exp(φi))

φit = θi,x+φi,xθi+e2φi+1−e2φi−1 , θi+1−θi+φi+1, x+φi, x = 0.



The field of rational functions C(λ) of λ

The ring of polynomials C[λ] in λ

The ring of Laurent polynomials C[λ, λ−1].

Rλ(Γ) a ring of rational functions of λ with poles at

λ = µk ∈ Γ = {µk ∈ C̄} and with no other singularities.

C[λ] = Rλ(∞) and C[λ, λ−1] = Rλ(∞,0)

Let A be a simple Lie algebra over C ( A = sl(N,C)):

Aλ(Γ) = Rλ(Γ)⊗C A,

a(λ) =
∑
n
φn(λ)an ∈ Aλ(Γ), an ∈ A, φn(λ) ∈ Rλ(Γ).

[
∑
n
φn(λ)an,

∑
m

ψm(λ)am] =
∑
n,m

φn(λ)ψm(λ)[an, am] .



Kac-Moody algebras (V.Kac, 1968)

Let φ1 : A→ A be an automorphism of a finite order n
Φ1 : Aλ(0,∞)→ Aλ(0,∞), is defined as

Φ1(a(λ)) = φ1(a(ω−1λ)) , ω = exp(
2πi

n
)

Φ1 ∈ AutAλ(0,∞), G = 〈Φ1 ; Φn
1 = id 〉 ' Z/nZ.

A Kac-Moody algebra L(A, φ1) can be defined as

L(A, φ1) = {a(λ) ∈ Aλ(0,∞) | a(λ) = φ1(a(ω−1λ))} .

L(A, φ1) =
⊕
k∈Z

Lk(A, φ1), [Lk(A, φ1), Lm(A, φ1)] ⊂ Lk+m(A, φ1) ,

where Lk(A, φ1) = λkAk and Ak = {a ∈ A |φ1(a) = ωka}.

A1
n, ..., G

1
2, A2

n, D
2
n, E

2
6, D3

4.



Automorphic Lie algebras.

Example: The map g1 : Rλ(0,∞)→Rλ(0,∞)

g1(α(λ)) = α(ω−1λ), α(λ) ∈ Rλ(0,∞)

is an automorphism of Rλ(0,∞) of order n.

The ring Rλ(0,∞) = C[λ, λ−1] has automorphism g2 of

order 2

g2(α(λ)) = α(λ−1), α(λ) ∈ Rλ(0,∞) .

Automorphisms g1, g2 generate a subgroup G ⊂ AutRλ(0,∞)

G = 〈g1, g2 ; gn1 = g2
2 = g1g2g1g2 = id 〉 ' Dn .



Let φ1, φ2 ∈ AutA and φn1 = φ2
2 = φ1φ2φ1φ2 = id.

Φ1(a(λ)) = φ1(a(ω−1λ)) , ω = exp(
2πi

n
)

Φ2(a(λ)) = φ2(a(λ−1)) , Φ1,Φ2 ∈ AutAλ(0,∞).

G = 〈Φ1,Φ2 ; Φn
1 = Φ2

2 = Φ1Φ2Φ1Φ2 = id 〉 ⊂ AutAλ(0,∞).

A subalgebra of Aλ(0,∞)

AGλ(0,∞) = {a(λ) ∈ Aλ(0,∞) | a = Φ1(a) = Φ2(a)} .

is an example of automorphic Lie algebra.



Finite reduction groups.

We will consider finite groups G whose elements are
Möbius (fractional-linear) transformations. Every ele-
ment g ∈ G is represented by a transformation

σg(λ) =
αgλ+ βg

γgλ+ δg
, αgδg−βgγg 6= 0, αg, βg, γg, δg ∈ C.

(1)
Action of Möbius transformation on a rational function
f(λ) ∈ C(λ) is defined as σg : f(λ) 7→ f(σ−1

g (λ)).

If the group average

〈f(λ)〉G =
1

|G|
∑
g∈G

f(σ−1
g (λ))

is not a constant, then 〈f(λ)〉G is a rational automorphic
function.



According to F.Klein (1875), all finite subgroups of
PSL(2,C) are in the following list:

1. the additive group of integers modulo N , Z/NZ

2. the symmetry group of the dihedron with N ver-
tices, DN

3. the symmetry group of the tetrahedron, T

4. the symmetry group of the octahedron, O

5. the symmetry group of the icosahedron, I



Inner reduction group. (A = sl(N)). Aut(sl(N)):

φ ∈ Aut sl(N)⇒ φ(a) = QaQ−1 or φ(a) = −QatrQ−1.

Let ρ : G 7→ PSL(N,C) be a projective representation.
We shall denote ρ(g) = Qg, where Qg ∈ PSL(N,C) is
the corresponding N ×N matrix.

With every element g ∈ G we associate a pair

Φg = (σg,Qg).

Obviously G = {Φg | g ∈ G} is a group with multiplica-
tion ΦgΦh = Φgh.

The group G is called the (inner) reduction group,
corresponding to a finite Möbius group G and represen-
tation ρ.



Automorphic Lie algebra AGλ(Γ) is defined as a G-
invariant subalgebra of Aλ(Γ)

AGλ(Γ) = {a(λ) ∈ Aλ(Γ) |Φg(a(λ)) = a(λ), ∀Φg ∈ G}.

There is a natural projection PG of the linear space Aλ
onto AGλ given by the group average.

For a(λ) ∈ Aλ we define PG(a(λ)) ∈ AGλ as

PG(a(λ)) = 〈a(λ)〉G =
1

|G|
∑

Φ∈G
Φ(a(λ)) =

1

|G|
∑
g∈G

Qg a(σ−1
g (λ))Q−1

g .

Obviously P2
G = PG.

The projection PG : Aλ 7→ AGλ is a surjective linear map,
but it is not a Lie algebra homomorphism.



Orbits of G. For any γ0 ∈ C̄ we denote

• the orbit G(γ0) = {g(γ0) | g ∈ G}.

• the isotropy subgroup Gγ0 = {g ∈ G | g(γ0) = γ0}.

• If the group Gγ0 is nontrivial, i.e. |Gγ0| = n > 1,

then γ0 is a fixed point of order n.

• If γ0 is a fixed point of order n > 1, than the orbit

G(γ0) is a degenerated orbit of degree n.

|G(γ0)| = |G|/|Gγ0|. Orbits corresponding to generic

points we call generic.



Let A = sl(N). To construct AGλ(Γ) we choose:

• A finite Möbius group G, represented by Möbius
transformations σg

• A finite set of points γ̂ = {γk ∈ C̄} and define its
orbit Γ = ∪G(γk)

• A projective representation ρ : G 7→ PSL(N,C), so
that ρ(g) = Qg

Then G = {(σg,Qg) | g ∈ G} and

AGλ(Γ) =

 1

|G|
∑
g∈G

QgaQ−1
g

(σ−1
g (λ)− γ)n

| a ∈ A, γ ∈ γ̂, n ∈ N0





Example: In A = sl(2,C), G = D2. We represent the

group G by the Möbius transformations

g1(λ) = −λ, g2(λ) = λ−1.

There are orbits

Γ0 = {0,∞}, Γ1 = {±1}, Γi = {±i}, Γµ = {±µ,±µ−1}.

The reduction group G ∼ D2 is generated by

Φ1(a(λ)) = s3a(−λ)s3, Φ2(a(λ)) = s1a(λ−1)s1.

s0 =

(
1 0
0 1

)
, s1 =

(
0 1
1 0

)
, s2 =

(
0 −1
1 0

)
, s3 =

(
1 0
0 −1

)
.



In sl(2,C) we take standard basis e, f ,h

e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
,h =

(
1 0
0 −1

)
Lie algebras AGλ(Γ0) is generated by

e1 = 2〈λe〉G, f1 = 2〈λf〉G, h2 = 2〈λ2h〉G
Evaluating the group average we get:

e1 =

(
0 λ
λ−1 0

)
, f1 =

(
0 λ−1

λ 0

)
, h2 = (λ2−λ−2)

(
1 0
0 −1

)
.

Their commutators are (J = λ2 + λ−2):

[e1, f1] = h2 , [h2, e1] = 2Je1 − 4f1 , [h2, f1] = −2Jf1 + 4e1 .

AGλ(Γ0) has basis : A =
⋃
n∈N

An , An = {Jn−1e1, Jn−1f1, Jn−1h2}

AGλ(Γ0) =
∞⊕
k=1

Ak, [Ap,Aq] ⊂ Ap+q
⊕
Ap+q−1, An = SpanCAn.



Proposition 1. Let A = sl(2,C) and G ' D2. Automor-

phic Lie algebras A
D2
λ (Γ0), A

D2
λ (Γ1) and A

D2
λ (Γi), corre-

sponding to degenerated orbits, are graiding–isomorphic.

Proposition 2. Let A = sl(2,C) and G ' D2. Automor-

phic Lie algebras corresponding to generic and degen-

erated orbits are not isomorphic.

Theorem 1. Let A = sl(2,C), G be any finite non-cyclic

reduction group and Γ be any degenerated orbit of the

corresponding Möbius group. Then the automorphic

Lie algebra AGλ(Γ) is grading isomorphic to A
D2
λ (Γ0).

The Theorem has been proven by: R.Bury, A.Mikhailov

and independently by: S.Lombardo, J.Sanders



sl(2) Automorphic Lie algebras with a finite reduction group

A0 the polynomial part of the Loop algebra
Aλ(∞) = C[λ]⊗Csl(2,C) , when the reduction group is trivial;

A1 the subalgebra L+(A, φ), φ2 = id of the Kac-Moody algebra,
this case corresponds to AGλ(Γ) with G ' Z/2Z and Γ = {∞};

A1
µ algebra AGλ(Γµ) with G ' Z/2Z and a generic orbit Γµ = {±µ};

A2 algebra AGλ(Γ) with G ' D2 and a degenerated orbit Γ = {0,∞};

A2
µ algebra AGλ(Γµ) with G ' D2 and a generic orbit Γµ = {±µ,±µ−1}.



Integrable equations corresponding to AGλ(Γ), A = sl(2).

AGλ(Γ) =
∞⊕
k=1

Ak, An = Jn−1SpanC{a1, a2, a3}.

J = J(λ) - automorphic function, and ak = ak(λ).

We take the Lax pair (L,M) of the form

L = ∂x +
3∑
i=1

ui(x, t)ai

M = ∂t +
3∑
i=1

vi(x, t)ai +
3∑
i=1

wi(x, t)Jai

The compatibility condition of the Lax pair defines a
nonlinear integrable system for the entries of X and T

Tx −Xt + [X,T] = 0



A0 the polynomial part of the Loop algebra

Aλ(∞) = C[λ]⊗C sl(2,C), trivial reduction group:

The NLS:

ut = uxx + 2vu2,

−vt = vxx + 2uv2

or (gauge equivalent) the Heisenberg model

ut = uxx −
2u2

x

u− v
,

−vt = vxx −
2v2
x

v − u
.



A1 the L+(A, φ) subalgebra of the Kac-Moody algebra:
AGλ(Γ) with G ' Z/2Z and Γ = {∞};

The derivative NLS

u1t = −
1

2
(u2

1u2)x −
1

2
u1xx

u2t = −
1

2
(u1u

2
2)x +

1

2
u2xx

A2 algebra AGλ(Γ) with G ' D2 and a degenerated orbit
Γ = {0,∞}:

u1t = −
1

2
(u2

1u2)x −
1

2
u1xx + 2u2x

u2t = −
1

2
(u1u

2
2)x +

1

2
u2xx + 2u1x



For the generic orbits and all groups we obtain sys-

tems of the form:

ut = uxx −
2u2

x

u− v
−

2

(u− v)2
[P (u, v)ux −R(u)vx]

−vt = vxx +
2v2
x

v − u
+

2

(u− v)2
[P (u, v)vx −R(v)ux]

where

P (u, v) = 2au2v2 + b(uv2 + vu2) + 2cuv + d(u+ v) + 2e

R(u) = au4 + bu3 + cu2 + du+ e.



A0
µ (Trivial reduction group): P (u, v) = R(u) = 0.

A1
µ algebra AGλ(Γµ) with G ' Z/2Z and a generic orbit

Γµ = {±µ}:

P (u, v) = 2µuv, R(u) = µu2.

A2
µ algebra AGλ(Γµ) with G ' D2 and a generic orbit

Γµ = {±µ,±µ−1}:

P (u, v) =
2µ

µ4 − 1
(u2v2 − (µ2 + µ−2)uv + 1),

R(u) =
µ

µ4 − 1
(u4 − (µ2 + µ−2)u2 + 1)



Only the groups T, O and I have irreducible faithful

projective representations of dimension 3 or higher.

1. T has one 2-d and one 3-d representations

2. O has one 2-d, one 3-d and one 4-d representations

3. I has two 2-d, two 3-d, two 4-d, one 5-d and one

6-d representations.



A = sl(3,C). Tetrahedral group (the same equation for

Octahedral and Icosahedral groups!):

σs(λ) = ωλ, σr(λ) =
λ+ 2

λ− 1
, , ω = exp

(
2πi

3

)

The group T has a 3-dimensional irreducible faithful

projective representation ρ : T 7→ PSL(3,C) with ele-

ments s and r represented by:

QTs =

ω 0 0
0 ω2 0
0 0 1

 QTr =
1

3

−1 2 2
2 −1 2
2 2 −1

 .
The reduction group G ∼ T generated by two elements

ΦTs = (σs,QTs), ΦTr = (σr,QTr).



A = sl(3,C), G = T:

a1 = 〈λe13〉T , a2 = 〈λe21〉T , a3 = 〈λe32〉T , J =
〈
λ3
〉
T

L = ∂x +
∑
i∈Z3

ui(x, t)ai

ut = uxx + v2
x + θuvx

−vt = vxx + u2
x − θvux

where

θ = ae−(u+v) + a1e
−ωu−ω∗v + a2e

−ω∗u−ωv, ω = e
2πi
3



A = sl(4,C), G = O (the same equation for the icosa-

hedral group!):

ψ1,t = i(ψ2
2,x − ψ

2
3,x)

+ (ψ2,x + ψ3,x)eψ1+ψ2+ψ3 + (ψ2,x + ψ3,x)eψ1−ψ2−ψ3

+ (ψ2,x + ψ3,x)e−ψ1+iψ2−iψ3 + (ψ2,x + ψ3,x)e−ψ1−iψ2+iψ3

ψ2,t = iψ2,xx − iψ1,xψ3,x

+ (ψ1,x + ψ3,x)eψ1+ψ2+ψ3 + (ψ1,x − ψ3,x)eψ1−ψ2−ψ3

+ iψ3,xe
−ψ1−iψ2+iψ3 − iψ3,xe

−ψ1+iψ2−iψ3

ψ3,t = −iψ3,xx + iψ1,xψ2,x

+ (ψ1,x + ψ2,x)eψ1+ψ2+ψ3 + (ψ1,x − ψ2,x)eψ1−ψ2−ψ3

− iψ2,xe
−ψ1−iψ2+iψ3 + iψ2,xe

−ψ1+iψ2−iψ3



Two-dimensional Volterra system.

Soliton solutions
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1 + 1–dimensional Volterra system (AVM 1979):

φit = θi,x + φi,xθi + e2φi+1 − e2φi−1 , φi+N = φi

θi+1 − θi + φi+1, x + φi, x = 0 ,
N∑
i=1

φi = const = 0 .

Continuous limit → KP equation (N →∞, Nh = 1):

φi(x, t) = h2u(ξ, η, τ), h =
L

N
→ 0,

τ = h3t, ξ = ih+ 4ht, η = h2x

uτ =
2

3
uξξξ + 8uuξ − 2D−1

ξ uηη +O(h2).



By a linear transformation (Fourier transform):

φn =
N−1∑
k=1

ωknχk , ω = exp(2πi/N)

we can diagonalise the linear part of the system

χkt =
1 + ωk

1− ωk
χkxx+(ωk−(ωk)∗)χk+. . . , k = 1, . . . N−1

or

χkt = i cot(
πk

N
)χkxx+2i sin(

2πk

N
)χk+. . . , k = 1, . . . N−1

If φn are real, then χk = χ∗−k.

For N = 3, ω = exp(2πi/3):

iut = uxx+(u∗x)2+e−2u−2u∗+ω∗e−2ωu−2ω∗u∗+ωe−2ω∗u−2ωu∗



DN invariant Lax pair:

L(λ) = SL(ω−1λ)S−1, L(λ) = −LA(λ−1) :

L = ∂x + λ−1u∆− λ∆−1u

M = ∂t + λ−1a∆− λ∆−1a + λ−2u∆u∆− λ2∆−1u∆−1u

with

S =



ω 0 . . . . . . . . . . . . 0
0 ω2 0 . . . . . . . . . 0
. . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . 0 ωN−1 0
0 . . . . . . . . . . . . 0 1


and u = diag (exp(φi)), a = diag (θi exp(φi)).



[L,M ] = 0⇐⇒ there exist a fundamental solution ψ(λ, x, t)

Lψ = 0, Mψ = 0.

The Lax pair, (L0,M0), corresponding to the trivial so-

lution φi ≡ 0 is given by

L0 = ∂x + λ−1∆− λ∆−1

M0 = ∂t + λ−2∆2 − λ2∆−2

and the solution, ψ0 to

L0ψ0 = 0, M0ψ0 = 0

is given by

ψ0 = e(−λ−1∆+λ∆−1)x+(−λ−2∆2+λ2∆−2)t



Morover, it follows from the reduction group that ψ and

ψ0 satisfies the conditions

1. Sψ(ω−1λ)S−1 = ψ(λ), Sψ0(ω−1λ)S−1 = ψ0(λ),

2. [ψ−1(λ−1)]T = ψ(λ), [ψ−1
0 (λ−1)]T = ψ0(λ).

If φi(x, t) are real, then we also have

3. ψ∗(λ∗) = ψ(λ), ψ∗0(λ∗) = ψ0(λ).



Rational dressing.

We represent ψ in the form ψ(x, t, λ) = χ(x, t, λ)ψ0(x, t, λ)

and Lψ = 0 then

L = χ(x, t, λ)L0χ
−1(x, t, λ)

Let us assume that χ and χ−1 are rational functions in

λ with simple zeros (poles)

χ−1 = c +
∑
k

Ak

λ− µk
, χ = c−1 +

∑
k

Âk

λ− νk

where c, Ak, Âk are matrix functions x and t and sets

{µk ∈ C}, {νk ∈ C} are constants and

{µk ∈ C}
⋂
{νk ∈ C} = ∅.



• How to parametrise matrix valued rational func-

tions?

• What is the dependence of c, Ak, Âk on x and t?

For a scalar function f(λ) with simple zeros and poles

we need to know: (i) positions of zeros {µk ∈ C}, (ii)

positions of poles {νk ∈ C} and (iii) a value f(λ0) at

one regular point λ0:

f(λ) = f(λ0)
N∏
k=1

(λ− µk)(λ0 − νk)

(λ− νk)(λ0 − µk)
.



A matrix–valued (N × N) rational function χ(λ) (with

simple poles and zeros) can be uniquely characterised

by:

1. a set of zeros {µk ∈ C} and the corresponding kernel

spaces Vµk = Kerχ(µk). The kernel space Vµk can

be seen as a point on the Grassmanian Gnk,N , nk =

dimVµk.

2. The set of zeros of the inverse matrix {νk ∈ C} and

corresponding co-kernal spaces V̂νk = Ker (χ−1(µk))T

3. A value χ(λ0) at one regular point λ0.



Reduction conditions:

1. Sχ(ω−1λ)S−1 = χ(λ)

2. [χ−1(λ−1)]T = χ(λ)

3. χ∗(λ∗) = χ(λ)

Thus νk = µ−1
k and set {µk} = {µ∗k} = {ωµk}. Therefore

the set {µk} is a union of orbits of the form:

(a) {ωkµ}Nk=1, µ ∈ R, “kink”, or

(b) {ωkµ, ωkµ∗}Nk=1, µ ∈ C, ωkµ 6= ωsµ∗ “breather”.

Moreover

Vωkµ = SkVµ, Vµ∗ = V ∗µ , V̂µ−1 = Vµ.



Simplest case, µ ∈ R, “kink”.

We assume µ 6= 0,±1, µ ∈ R:

χ−1(λ) = c +
N−1∑
k=0

ω−kS−kASk

λ− ω−kµ
.

Here c,A are real (follows from the reduction condi-

tions).

Rank of the kink solution is defined as dimVµ = rank A.

dimVµ = 1 ⇒ A = nmT , n ∈ Vµ

dimVµ = k ⇒ A = nmT , rank n = k, Span n = Vµ



Rank 1 “kink”:

φi =
1

2
log

(
σ(i− 1)σ(i+ 1)

σ(i)2

)

σ(i) =
N∑
k=1

n2
kµ

2{(i−k) mod N}

n(x, t) = ψ0(µ, x, t)n0, n0 ∈ RN

ψ0(λ, x, t) = e(−λ−1∆+λ∆−1)x+(−λ−2∆2+λ2∆−2)t



n0 = (1,0,0) contour, t = −5:
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σ(i) = cos2(η)µ2{(i−1) mod 3}+cos2(η−
4π

3
)µ2{(i−2) mod 3}

+ cos2(η −
2π

3
)µ2{i mod 3}

φi =
1

2
log

(
σ(i− 1)σ(i+ 1)

σ(i)2

)



µ = 1.01; 2; 5; 1000, µ2
c = 1 +

√
3 +

√
3 + 2

√
3
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N = 5; 7
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We can decompose RN as a direct sum of invariant

subspaces of ψ0

N = 2m− 1, RN = E1
0

m−1⊕
p=1

E2
p

N = 2m, RN = E1
0

⊕
E1
m

m−1⊕
p=1

E2
p

Where

E1
0 = span(eN), E1

m = span(em), E2
p = span(Re (ep), Im (ep)),

∆ep = ωpep, (ep)k = ωpk = exp
(

2πi

N
pk

)
.



Rank 2 kink: n0 = ((1,0,0,1,1), (0,1,1,0,1)) ∈ G2,5



Complex µ, “breather”

It follows from the reduction group that the simpest

form

χ−1(λ) = c +
N−1∑
k=0

ω−kS−kASk

λ− ω−kµ
+

N−1∑
l=0

ω−lS−lA∗Sl

λ− ω−kµ∗

We start by assuming that A is a rank 1 matrix, A = nmT .



One can find that

c2i = 1 +
N

DiD
∗
i − EiE

∗
i

{µ−1D∗in
2
i + (µ∗)−1Di(n

∗
i )

2

−µ−1Einin
∗
i − (µ∗)−1E∗inin

∗
i }

where:

Di =
Nµ−1

µ2N − 1
σ(i),Ei =

N(µ∗)−1

|µ|2N − 1
ρ(i)

σ(i) =
N∑
k=1

n2
kµ

2{(i−k) mod N}, ρ(i) =
N∑
k=1

|nk|2|µ|2{(i−k) mod N}

n = ψ0(µ, x, t)n0, n0 ∈ CN , φi = log

(
ci
ci+1

)
.



N=5, Rank 1 solution:
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There are N(N − 1)/2 “simple” solitons corresponding

2-dimensional ∆-invariant subspaces of CN . In the basis

(ep)k = ωpk of eigenvectors ∆ep = ωpep.

npq0 = αpep + αqeq, αp, αq ∈ C



If n0 = apep + aqeq and µ = |µ|eiδ then the width of the

soliton is 1
∆pq

where

∆pq = 2

(
1

|µ|
− |µ|

)
sin

(
δ −

π(p+ q)

N

)
sin

(
π(q − p)

N

)
its speed is

vpq = −4

(
1

|µ|
+ |µ|

)
cos

(
δ −

π(p+ q)

N

)
cos

(
π(q − p)

N

)
and it is shifted along the x-axis by

x0
pq =

log
(
|ap|
|aq|

)
∆pq



N = 5, Classification of soliton configurations. Rank 1:

5 trivial (10000), (01000), (00100), (00010), (00001)
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(1 ∗ 000), . . . , (0010∗), . . . , (0001∗)

10
–40

–20
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20
tt
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(1 ∗ ∗00), . . . , (010 ∗ ∗), . . . , (001 ∗ ∗)

5 (1 ∗ ∗ ∗ 0), . . . , (1 ∗ ∗0∗), . . . , (01 ∗ ∗∗)

1 most generic solution
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00

2040

tt
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40

r

(1 ∗ ∗ ∗ ∗)



N = 5, Schubert cells and classification of soliton con-
figurations. Rank 2:

The generic cell

(
1 0 ∗ ∗ ∗
0 1 ∗ ∗ ∗

)



1. Continuous limit (N →∞, h = N−1) to KP, limit of

solutions, etc.

φi =
1

2
log

σ(i+ 1)σ(i− 1)

σ(i)2
→

h2

2

∂2

∂ξ2
logσ(ξ, η, τ)

2. “Binary continuous” limit.

With p = N
4 − 1, taking the limit as N →∞ we obtain

φj = (−1)j log

(
1 + µ2 + (µ2 − 1) cos(2(µ+ µ−1)x+ 4πy − 2α)

1 + µ2 − (µ2 − 1) cos(2(µ+ µ−1)x+ 4πy − 2α)

)
where y = j

N .
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