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Evolutionary differential-difference equations

Ut:K(Uq,uq+1,"'Up), q,pEZ, QSJSP
ur = Opu, u; = Slu(n,t) = u(n + j,t)

The order of K is (q,p) is Oy, K0u,K 7 0 and its total
order p — q.

The Volterra Chain
up = u(uy —u_1)

is of order (—1,1) with total order 2.



Motivations
e Integrable discretisation of integrable systems

Example. The equation

w = u?(uguy —u_qu_n) —u(ug —u_1)

is of oder (-2,2) and it can be interpreted as the Sawada-
Kotera equation

UT — Umx:cma: ‘|‘ 5UUxazx + 5ULBUCCLU ‘|‘ 5U2Um
under the follovving continuous limit at € — O:
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u(n,t) =

€En.

( Alder: arX|v. 1 1035139)



e (GGeneralised symmetry of discrete equations

Example. The discrete Korteweg-de Vries equation

(u1,1 —ugo)(ui0—up1) =a—p
possesses a generalised symmetry of order (—1,1) :
1
u1,0 — u—l,O‘
This can be transformed into the modified Volterra
chain

Ur —

vr = v2(vy — v_1),

1
U1, 0—U-1,0"

where v =



e Classification problems are still open
The following types have been classified:
1. Volterra type: ut = f(u_q1,u,uq);

2. Toda type: uy = f(us,u_1,u,u1);

3. Relativistic Toda-Type:

Ut — f(ulauav)vvt — g(’U_]_,’U,’U,)

and

Utt = f(ulyuaul,taut) - g(uau—lautau—l,t)



Complex of variational calculus

Us = {Un | n € Z}

Fs = {smooth functions of variables Us}
[g] an equivalent class: g=h < g—helmA, A =85-1;
]-"g: the space of equivalent classes

Lie algebra h: the space of evolutionary vector fields.

[0,5]=0
a=2kezhk°£k ’ 3P=ZkeZSkP'3%k==>h

F. is a h-module with a representation as follows:

Pog=[0p(g)] = [zkezka)ag ], Pebh, g€ F}



What is the space "7
Q0 = F]
A natural non-degenerate pairing between 9p and

a vertical 1-form w = Y, h* - dug:

<w, P>=[) h(”)S”P] =< ) S p
ne ne

w—&-du, €=, S "hMdyy = Q1

d: QO — Ql :}5(9) — Zs_kﬁ
L auk



Fréchet derivatives and Lie derivatives

Def. For any objects in the complex O, its Fréchet
derivative along a vector field P € § is defined as

Dp[P] = Olu + €P].

=
dele=0

Eg. For H = u(S — S Du,
Dy[Pl=P( S-S Hu+u(S-sHP.

Thm. Let L denote Lie derivative along K € h. Then

Lig = [Dy[K]] € F, for g€ F.; — conserved density
Lih =[K,h] for he€bh;, — symmetry

L& = D¢[K] 4 D3.(€) for £ € Q1; — cosymmetry
LR = Dp[K] — DgR + RDyg for R : h — b, — recursion Op.
LgH = Dy[K]—DgH—HD% for H: Q1 — h; — Hamiltonian
LI = D7[K] 4 D% I+IDg for T:h— QL. — symplectic

8



All results related about concepts for evolutionary
partial differential equations are valid for evolutionary
differential-difference equations.

A recursion operator of Volterra chain

R=uS+u—+ uq —I—uS_1 + us (S — 1)_1l

u
generating local symmetries of order (—n,n) , e.g.

Uty — ’LL(’LL]_ _ ’U,_]_)

ut, = vwug(u+ug +up) —u_qu(u_s+u_1+u)



Conservation laws

A pair of functions (p, o) is called a conservation law
of an equation uy = K if

Dip = (S — 1)a)w:K.
The functions p and o are called the density and flux
of the conservation law respectively.

T he Volterra chain

ug = (S —1) (uu_1q)
8t|nu=%=u1—u_1=(S—1)(u—|—u_1)
u
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Residues and Adler’'s Theorem

Consider Laurent formal difference series of order N
A= aNSN+aN_1SN_1...

The residue res(A) and the logarithmic residue resin(A)
are defined as

res(A) = a°, resIin(A) = In(a) .

Adler’'s Theorem Let A and B be two Laurent formal
difference series of order N and M respectively. Then

res[A, B] = (S — 1)(c(A, B)),

where
c(A,B)=Y Y SR HSTFB)-Y Y STRFBTHSTF(ah).
i=1k=1 1=1k=1
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Infinitely many conserved densities

Thm. Consider an equation u; = K. If there exists a
series R such that

Dy [K] = [Dg, Rr],

res(§)%73L) and resIn(R;) are its conserved densities.

T he Volterra chain

R, =uS+u+u; +uS 1+ Y

=1 U—i

ut

S—i

po=resIin(RN;) =Inu

pires(Ry) = v+ up = 2u

P> = res(?)%%) = 3uuqi + uius + u® + u% = duuq + 2u?
(Dip2 = 4(S — 1) (uPu_1 + u_1uu1))
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Bi-Hamiltonian structures

ur = H1ouf = Hodug,

where Hq1, Ho are Hamiltonian operators and ¢, is the
variational derivative.

The Volterra chain

In

Hi = u(S — S Y,
Ho =RH{ =u(l+S DSu—uS ™ HA1+S)u .
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Narita-Itoh-Bogoyavlensky lattices (1980's): p € N
p p
up =u( ) up— Y u_g);
k=1 k=1
p p
ve =v( ] ve— ][ v—r);
k=1 k=1
5 p p
wy = w( [[ wp— [] w_p).
k=1 k=1

p—1 p
u = H v and u = H Wi,
k=0 k=0

For finite lattices, work has been done on Hamiltonian
structures, associations with classical Lie algebras and
the r-matrix structure etc (Suris, Nijhoff, Papageor-

giou...).
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Discrete Sawada-Kotera equation (dSK) ( Alder:
arXiv:11035139):

ur = w?(upug —u_qu_2) — u(ug —u_1)
e Tsujimoto and Hirota (1996): continuous limit of

the reduced discrete BKP hierarchy.

e Both uy = u(ui —u_1) and uy = u?(uoui —u_1u_2)
are integrable, but do not commute.

e Lax representation: L = (S+ uv) 1 (uS + 1)82
A= (u_1S+1—-u_qu_»+ u_28_1>(8 — 8_1).
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Symmetries of dSK: u; := P* 4 P2
u2(u1u%U3U4 + u%u%ug + uu%u% + u_luu%ug
—u_ngluul — u%2u%1u — u_3u%2u%1 — u_4u_3u%2u_1)
+ -+ ulugus + u% + uqiu —uu_q — ugl —U_QU_D)
= Q" +Q°+ @’
= [P*, Q'l=0;  [P? Q=0
Cosymmetries: G1 = %, Go =ujurtuju_1+u_qu_>—1

Questions: Hamiltonian strictures? Recursion opera-
tors?

The hierarchy dSK (Alder & Postnikov: arXiv:1107.2305)

5 p P p—1 p—1
wup = u (] wi— J] vei) —wC]] wi— J] w=s)

=1
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What was known?
e p=1: The Volterra chain

e p=2: Zhang, Tu, Oevel & Fuchssteiner (1991)

ur = u(us +up —u_q1 — u_o)
= u(S82+ S-S -8 uduu

has a recursion operator

R=u(l+S 14+ )(S%u—-—uS HwsS™t-8u) !
(uS™2 —Su)(1 -8 2) Iyt

e For arbitrary p, the equation is Hamiltonian:
p p
ug =u( Y Sk — S FYudyu.
k=1 k=1
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Main Results

Thm. Foranyp e N, a recursion operator of the Narita-
Itoh-Bogoyavlensky lattice is

p R . . . .
R=u(Y S [P —uS™)(SP 'u —uS™) 1.
i=0 i=1
It is a Hamiltonian equation with respect to

p - —(p—1) | | | |
RH = u( Z S ( H (3P+1—Zu — uSTH(SP Ty — uS—z)—1>

1 =0 =1

p
(Su—uS™P)(D_ SYu,
1=0

where H = u(Xh_; S — 3P _; S F)u. Indeed,

1

p+1
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Example. When p = 2, the equation is bi-Hamiltonian.
ur=u(usr+u; —u_1—u_o) =u(S?+8 -8 -5 Duduu
— %(1 + 81 +82)(8%u — uS 1) (Su — us~ 1)1
(Su—uS (1 + S+ S%)udyInu

=u(l+S 14+82)(S%u—uS ™ H(Su—uS ™ H T (ug —u)

=u(l+S 1+ (ur — )
—uluo —u+tuy —u_1+u—u_o)
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Lax representation for Bogoyavilensky hierarchy

L=8+uS?, B(W = (L (rP+1my

Idea to construct a recursion operator: (Tu ('89);
Girses, Karasu & Sokolov ('99))

1. Relate the difference operators B(n):
gn+1) — 7 gn) + R

with R is the reminder.
2. Find the relation between two flows corresponding
to these two difference operators.
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Construction of recursion operators I
L=xU0 4y
The only non-zero entry is (U(®));; = 1.

/[0 0 -+ 0 —u
)
1 0 --- 00
g = . .. .
0 --- 100
\O 0L 0 ()

Take ansatz
B(n+1) — yp+1p() 4 W,

p+1 . . . ()
w=> R (@) (p+ 1) x (p+1)
1=0

a{),;#0, 1<j<p+1, i+j=@+5) mod(p+1).
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Reduction group Zp-l-l of L

s W) = SW(oN)S™L, = 2m/(p+1)

where S is a diagonal matrix with entries S;; = o°.
The ansatz W is invariant under s. Clearly sPT1 = 4.

The formula for computing the recursion operator:

Ly ., =X, +S(W)L — LW.

n+1
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Construction of recursion operators II

A2 50A0)y0) _ 7(0) 4(0) = o:

Ve Ut(l) + 85A)y©0) _ y(0) 4(1)
+S(AOH 1) — 1) 40) = o;

wtl=i. gAG+1))y(0) — y0) oG+1) 4 A1)
UM A0 =0, 1<i<p

S Uil = SArTD® — M AG+D),
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Construction of recursion operators III

Important step: To establish the relation between

o't and aff),  for 1<i<p—1.

53-_211) = _1(8iu — uSi_p)_l(Siu — uSi_p_l)S(angl 1)-

Final step: To Find relation between Ut, 1 1 and ug,,.

—uw(S -8 PS5 —1)"twS ! — 8Pu)SWP, ).

Uty 41 p+1,1

1 _ _ 1 Ut,
af = —srL(1— syt
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Locality of symmetries I

® is not a weakly nonlocal operator! Induction?!
Define homogeneous difference polynomials (Svinin '09):

[—1
P = % (H u>‘j+jp) ,

O0<A_1<--< A<k \j=0
where k> 0,1 > 1 and p > 1 are all integers.
Example. For fixed p, we have

k
10 = 3 1,0) _
’73( ) ) — | O’u,] and 73(’ ) — UupUQp"'u(l—l)p ’
]:

T he Narita-Itoh-Bogoyavlensky lattice
ur = u(S — S_p)P(l’p_l).
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Properties of P(F):
pLk) _ gpk-1)y — u(l_l)pp(l—l,k).
= (§ - )PUR) = yy 1 SPTPUIR)Y — gy gy PUSLR)

(Sp_iu _ uS—i)S—lp-l-’ip(l,(l—l-l)p—i) —
= (SP~ iy — ug—(i—l-l))S—Zp-l-i—l-lp(l,(l—l-l)p—i—l), 0<i<p.

Thm. %l(ut) = u(l — S_(p'H))Sl_lpP(H'l’(l'l'l)p_l) for
al 0<leZ

Proof. (u— uS P)S—ptrpip) = Ri-1(4y,).

R=u(S—SP)S—1)"1(SPu—uS71)-
—p—1

[T (8P "u—uS ) H(SP u — us 0F)) . (u —us™P) 7}
1=1
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Miura transformations
p—1 1 p—1 1
[%L=:u(:§: Sk> =:u(:§: Sk>
k=0 Yk k=0 v
(S - (E2)
k=0 Wk k=0 w

Hy = v(S—1)S HSPT —1)(sP - 1)1

He = w(S—1)(SP —1)(SPTI - 1)1y

p—1 plno
Vt — HU(SU kl;[o V. — %U%U(Svp + 1

p
k=0
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How about the Hamiltonian structure of dSK?

Still open!
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