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The vertical electric field has
a destabilizing effect on the
Interface of dielectric liquids.

As opposed to the vertical field,
the horizontal electric field has a
stabilizing effect on the interface.

We assume that both liquids are inviscid and incompressible, and the

flow is irrotational (potential).

The functions  ®,,, ¢,, are the velocity and electric field potentials.




Initial equations
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Conditions at infinity

1. Vertical electric field: 2. Horizontal electric field:
®,, -0, Z — Fo, ®,, -0, 7 —> Too,
¢, > —E,7, L —> +%0, ¢, , —> —EX, Z —> Fo,

&k, = &,E,. E,=E,=E.



Hamiltonian formalism

The equations of motion can be written in the Hamiltonian form [1,2]:
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[1]. V.E. Zakharov, Prikl. Mekh. Tekh. Fiz. 2, 86 (1968).
[2]. E.A. Kuznetsov, M.D. Spector, JETP 71, 22 (1976).



Vertical electric field; the small-angle

approximation
Let us pass to dimensionless variables:
E, n t Py r
—> Y — , n—>—, t—> r——.
il < &Py ] ” Ek 8081 ”

We consider that | |V 77|~ a <<1.

Expanding the integrand in the Hamiltonian in powers of the canonical
variables up to the second- and third-order terms, we get:

H = (1;/\)[(!/4&” A’?((kl//) - (V.p)° ))dxdy—(l_AE;E ]f(?ﬂzm Aw((lzn)z —(Vm)z))dxdy,

where  A=(p,-p,)/(p,+p,) I1sthe Atwood number, and A =(s -¢,)/(s +¢,)
IS 1ts analog for the dielectric constants.

Here Kf—__t ﬂ rx.y) dxdy’, ke = |k|e™.
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Vertical electric field; the small-angle
approximation

The equations of motion:

7 —[%} kn = W((@/)2 ~(V))+ 1_A‘§AE (k) = (V 7))+ [%j(lz(nlzn) +V, (9 7)),

o (ﬂ) ky = -2 (k) 47, (v ).
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Let us introduce the new functions  f =(cw +7)/2, ¢=(cw-n)/2.
The equations take the form

. __(A+AE) TE\2 2 (A_AE) L EL 3
iy [(kf) —(vif)}r 2 [k(fkf)+VL(fVlf)J+O(a),

rg, +kg = (AZAE)[(I&)Z —(Vlf)2]+—(—A—%ﬁfl[lz(f k)+V, (1V,1)]+0(a").

_JA-A)1+A) o1 1-A

Here ¢ o= .
2| A | |Ac |V 1+A

T A A 0 =0

Two special cases:
2. A=-A < plp,=¢gle.




Some pairs of immiscible dielectric liquids

ia | & | eokom| g | e |eokom| A | A
PMPS | 2.7 1100 spindle oil 1.9 870 0.17 0.12
PMPS | 2.7 1100 linseed oil 3.2 930 -0.084 0.084
LH 1.05 125 vacuum 1 0 -1 (formally) 1
water 81 1000 air 1 1 0.98 1

Here PMPS is liguid organosilicon polymer, the polymethylphenylsiloxane;
LH is liguid helium with the free surface charged by the electrons [3,4].

The conditions Ac = A, or A =—A are satisfied with acceptable accuracy
for these pairs.

[3]. N.M. Zubarev, JETP Lett. 71, 367 (2000).
[4]. N.M. Zubarev, JETP 94, 534 (2002).




Dynamics of the interface for the case A = A

L :é F\2 2
The equations of motion al d L v

(compare with Refs. [5,6]):

7, +Kg :g[(ﬁf)z—(vif)ﬂw[ﬁ(f IZf)+VL(fVif)].

e N

x’, where H is Hilbert transform.

~

2D geometry: k= HAaE () = < p f

rF, +iF, = —AF?,

The equations take the following form: _ . .
G G = AR 2NB(FE )

Here F=Pf, G=Pg, where P=(1-iH)/2 is the projection operator.
These functions are analytical in the upper half-plane of the complex variable X.

[5]. E.A. Kuznetsov, M.D. Spector, and V.E. Zakharov, Phys. Rev. E 49, 1283 (1994).
[6]. N.M. Zubarev, JETP 114, 2043 (1998).



Dynamics of the interface for the case A. = A

The equation on F transforms to the complex Hopf equation:

AN +iV, =—2AVV,, V=F.

Its solution has the form:
V=V,(x), xe=xr+it+2AV,(x)t, V,(X)=V|_,,
The equation on (5 can be also solved:
G= %_:[Q(XJrit/T—it'/r,t')dt', Q(x,t) = —AF} +2AP(FF,) .

Weak root singularities are formed at the interface: z—2z, ~—|x—x,[**.

For these singularities the curvature becomes infinite in a finite time, and
the boundary remains smooth: ,
X)) ~-[x[" .

MNxx™ |X|
UXN_(X_Xc)lX_Xc |_1/2’ /\
T7x (X’tc) ~ = l X— Xc ‘_1/2’ /]_InX(X) ﬁ [\
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Dynamics of the interface for the case A. =—A

The equations of motion: | 71t K = ALK(RE)+ V. (FV.5) |

70, +lzg =0.

According to the second equation, 9 —0.

(1+A)

As a consequence, we can put 7 = oA

V.

The equation of interface motion in 2D geometry:

T}, +AHA77x - AZ[HA (UHAUX)X_'_(UUXL]'

It can be rewritten as | F, +iAF, = 2A2I5(Fl'fx) where F = Py.

1
X

This integro-differential equation can be reduced to the set of ordinary
differential equations by the substitution:

N N S
ORI W PV C) < I | S )
n=1x+pn(t) dt jzl(pn_pj)




Dynamics of the interface for the case A. = -A

Exact particular solution for N =1:

JAS | (2a(t)-VAS|_ .
Sa(t) a(t)+ 2 In(Za(t)h/A_S} = A(t, - 1), S>0,
n(x,t) = Fral() where JATST -
at) |_ .
a(t)+ 5 arctan( WJ = A(t, —t), S<0.

The boundary shape becomes singular at some moment t=t.:

Sa
n(xt,) = |im£ > 2)2%85(x), S <.
+a

a—0

In the formal limit A—1 p,/p,—0 the equation of motion is reduced to
the Laplace Growth Equation [7]. It describes the formation of cusps at the
Interface in a finite time, or the formation of so-called “fingers” (see figures).
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[7]. N.M. Zubarev, Phys. Fluids 18, art. no. 028103 (2006).



Horizontal electric field; the small-angle
approximation

We consider that | |V 77|~ a <<1.

The Hamiltonian takes the following form:

H = (#j I vk = A (k) = (7 ,)?) | oeay

. [ 1? ; 1|, + A (mm? =n &k, +m (V-9 K, ) | oedly,

The equations of motion:
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Dynamics of the interface

The equation for the interface evolution:

~ ~

e —Volle = -E-(V{f Al — Al )+ K (Vs A, — A, ) +-§[V§ A (V.1) - AV, 7) |

+V | VA, (Y K n,) — A0 iV k') .

Here v, = Ac\/(L+A)/(L+A;) is the velocity of linear waves.

- . ; s
Linear approximation: M = Vollu-

General solution of the linear wave equation:

n(x, y,t) = £(X=Vet, y) + g(X+Vet, y).

Lets us consider the special case | A= A..

The equation of motion admits n(x,y,t) = f(x-At,y),
two exact particular solutions: n(x,y,t) = g(x+ At,y).




Interaction of counter-propagating waves

The approximate solution of the equations of motion has the form:

n(x,y,1) = f(x— At, y) + g(x + At, y) —?IZ( g v1 vy

-?vl( fvkigrgi kit 0l

This formula describes the nonlinear superposition of the oppositely directed
waves.

n (x:t) I
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Interaction of the plane solitary waves:

0.5 0.5]
1+ x%)

A:AE:]_ 0.0 -

F(x)=9(x)=




Interaction of two 3D solitary waves

A=A =05

f(x,y)=exp(-x*—y*),  g(x,y)=—exp(-x*—y?).




Interaction of two 3D solitary waves

Initial state
Linear analysis
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Linear analysis

Interaction of two 3D solitary waves

Linear analysis

Mon-linear analysis
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Conclusion

The nonlinear dynamics of the interface between two ideal dielectric
liquids in an external electric field was considered. A number of particular
cases, where the evolution of the interface can be effectively studied
analytically, were revealed.

Vertical electric field
(the interface is unstable)

A

Formation of weak
(root) singularities
at the interface

The small angle
approximation is
valid

A =-A

Formation of
strong singularities
(cusps) at the
Interface

The small angle
approximation is
violated

Horizontal electric field
(the interface is linearly stable)

i 0

Nondispersive
propagation of
weakly nonlinear
waves

The small angle
approximation is
valid

A =-A

The problem
becomes
intergrable if
upper fluid moves
relative to the
lower one

The equations
admit nonsingular
exact solutions
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